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EFFECT OF SYMMETRICAL VORTEX SHEDDING ON THE 

LONGITUDINAL AERODYNAMIC CHARACTERISTICS 

OF WING-BODY-TAIL COMBINATIONS 

By Michael R. Mendenhall and Jack N. Nielsen 
Nielsen Engineering & Research, Inc. 

SUMMARY 

An engineering prediction method for determining the longi- 
tudinal aerodynamic characteristics of wing-body-tail corribinations 
is developed. The method includes the effects of nonlinear aero- 
dynamics of components and the interference between components. 
Nonlinearities associated with symmetrical vortex shedding from 
the nose of the body are considered as well as the nonlinearities 
associated with the separation vortices from the leading edges 
and side edges of the lifting surfaces. The wing and tail char- 
acteristics are calculated using lifting-surface theories which 
include effects of incidence, camber, twist, and induced velocities 
from external sources of disturbance such as bodies and vortices. 
The lifting-surface theories calculate the distribution of leading- 
edge and side-edge suction which is converted to vortex lift using 
the Polhamus suction analogy. Correlation curves are developed to 
determine the fraction of the theoretical suction force which is 
cor-verted into vortex lift. The prediction method is compared 
with experimental data on a variety of aircraft configurations to 
assess the accuracy and limitations of the method. 

INTRODUCTION 

Over the years, high angle-of-attack aerodynamics has become 
increasingly important for aircraft as, for instance, in such 
areas as spin avoidance and maneuverability of military aircraft 
at high altitudes. A principal distinguishing feature of high 
angle-of-attack aerodynamics is that the aerodynamic lift and 
pitching moments are no longer linear functions of the angle of 
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attack. Much work has been directed to studying the high angle- 
of-attack characteristics of components such as wings and bodies, 
but much less attention has been given to the interference effects 
between the components of complete configurations in this range. 
It is the basic purpose of this report to formulate an engineering 
prediction method for determining the longitudinal aerodynamic 
characteristics of wing-body-tail configurations which includes 
the effects of nonlinear aerodynamics of components and the inter- 
ference among them. Specifically, we will pay particular attention 
to the nonlinearities associated with symmetrical vortex shedding 
from the nose of the fuselage and to leading-edge and side-edge 
separation vortices from the lifting surfaces, 

For a sufficiently small range of angles of attack, the lift 
and pitching-moment characteristics of wings and bodies are usually 
linear with angle of attack. As the angle of attack is increased, 
a fuselage nose can shed symmetrical vortex pairs which produce 
nonlinear lift and moment characteristics. At still higher angles 
of attack the nose can shed asymmetrical vortices even though at 
zero sideslip. We will confine our attention to the symmetrical 
vortex shedding range. Lifting surfaces have linear characteristics 
up to an angle of attack depending on their aspect ratio and Mach 
number, among other parameters. However, most thin lifting sur- 
faces possess an angle-of-attack range in which vortices are shed 
from their leading edges and from their side edges. These addi- 
tional vortices from a wing can cause additional wing-tail inter- 
ference at high angles of attack, and are particularly serious 
for canard configurations. There is a fair amount of data 
describing the nonlinear behavior of bodies alone and wings alone 
at high angles of attack, but no general theories suitable for 
an a priori predicticfi methed  arc available, For t h e  separation 
from the leading edges and side edges of wings, the vortex-lift 
concept of Polhamus (ref. 1) is of use in practical prediction 
methods . 
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I n  developing an engineering predic t ion  method, t h e  f i r s t  
goal  i s  t o  develop good models f o r  t h e  nonlinear behavior of the  

components. This is accomplished by a combination of empir ical  
and a n a l y t i c a l  techniques.  The next s t e p  i s  t o  develop methods 
f o r  handling t h e  in t e r f e rence  among components. The f i n a l  engi- 
neer ing t o o l  i s  a computer program incorporat ing t h e  method with 
app l i ca t ions  t o  t h e  subsonic and supersonic speed ranges. I n  
order  t o  determine t h e  v a l i d i t y  of engineering approximations 
used i n  t h e  method and t o  determine i t s  range of v a l i d i t y ,  exten- 
s i v e  comparison with experiment i s  required. The program has  
been designed so t h a t  a t  l a t e r  s t ages  it can be extended t o  
asymmetrical nose v o r t i c e s  and s i d e s l i p .  

The l i n e a r  method presented i n  reference 2 i s  one of t h e  
common methods f o r  p red ic t ing  t h e  l i f t  and moment c h a r a c t e r i s t i c s  
of wing-body-tail conf igura t ions  a t  subsonic and supersonic speeds 
i n  t h e  low angle-of-attack regime. The present  computer program 
r e t a i n s  as much of t h e  l i n e a r  method as poss ib le .  Bas ica l ly ,  t h e  
l i n e a r  method has  been extended t o  include t h e  e f f e c t s  of symmet- 
r ica l  body v o r t i c e s  and vo r t i ce s  shed from t h e  leading edges and 
side edges of t h e  l i f t i n g  surfaces .  One basic modification being 
made t o  t h e  l i n e a r  method i s  t h a t  l i f t i ng - su r face  theory i s  being 
used t o  c a l c u l a t e  t h e  loading on t h e  l i f t i n g  sur faces  s ince  it 
can r e a d i l y  handle e f f e c t s  of induced camber assoc ia ted  w i t h  
vo r t i ce s .  Also, a c a p a b i l i t y  i s  being added t o  t h e  method t o  
determine t h e  t r a j e c t o r i e s  of i n t e r a c t i n g  v o r t i c e s  as they sweep 
back over t h e  configurat ion.  

The scope of t h e  present  work includes wing-body-tail combi- 
na t ions  a t  zero  s i d e s l i p  a t  subsonic or supersonic speeds. A l l  

shed v o r t i c e s  must possess mirror  symmetry about t h e  v e r t i c a l  
plane of symmetry. The range of angle of a t t a c k  f o r  which t h e  
method i s  v a l i d  w i l l  vary with Mach number and aspec t  r a t i o  and 

m u s t  be determined l a r g e l y  from experiment. For instance,  aii 

upper l i m i t  on angle  of a t t a c k  is presented when vortex bu r s t ing  
occurs over t h e  wing. Another l i m i t  would be set by t h e  development 
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of asymmetric vortex shedding from t h e  fuse lage  nose. I t  is  

expected t h a t  t h e  computer program w i l l  be improved and extended 
as experience i s  gained i n  i t s  use. 

The computer programs being discussed i n  t h i s  r epor t  are two 
of four programs f o r  c a l c u l a t i n g  aerodynamic characterist ics of 
wing-body o r  wing-body-tail combinations. The l i n e a r  method has  
been programmed a s  w e l l  as a crossflow method described by 
Jorgensen i n  references 3 and 4. Separate  programs f o r  subsonic 
and supersonic speeds have been developed t o  include nonl inear  
e f f e c t s .  These programs a r e  being sepa ra t e ly  documented i n  a 
computer manual l i s t e d  as ' reference 5. 

W i t h  regard t o  t h e  present  r e p o r t ,  f i r s t  a general  desc r ip t ion  
of the approach i s  given followed by t h e  d e t a i l s  of the p r e d i c t i v e  
method. Then, l i m i t e d  comparisons between experiment and theory 
are presented f o r  both subsonic and supersonic cases. Suggestions 
f o r  fu tu re  work a r e  a l s o  made. 
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SYMBOLS 

?R 

a 

C 
‘d 

cL 

a cL 

cN 

C 

4 C 

C n 

C r 

C 
S 

t i p  C 

C 
X 

C 
Y 

FX 

F 
Y 

r, 

KV 

aspect r a t i o  

l o c a l  body radius  

crossflow drag coe f f i c i en t  

L l i f t  coe f f i c i en t ,  - 
qs 

l i f t  curve slope 

M pitching-moment coe f f i c i en t ,  - 
qs J 

normal-force 

l o c a l  chord 

s e c t i o n - l i f t  

coe f f i c i en t ,  - N 
(2s 

coe f f i c i en t  

TE 
sec t ion  normal-force coe f f i c i en t ,  L J -  & dx 

s, C 
LE 

chord a t  juncture  of body and l i f t i n g  surface 

sec t ion  leading-edge suction c o e f f i c i e n t ,  dS/dy 
qc 

t i p  chord of l i f t i n g  surface 

x-direct ion sec t ion  suction c o e f f i c i e n t ,  ax/av 
qc 

dY/dy 
q C t i p  

y-direct ion sec t ion  suction c o e f f i c i e n t ,  

force  i n  x-direction 

force  i n  y-direct ion 

ve loc i ty  funct ions,  equation (10) and Appendix A 

t h e o r e t i c a l  Polhamus vo r t ex - l i f t  f a c t o r  
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L 

e 

'LE 

M 

N 

AP 

9 

r 

N r 

S 

'LE 

'SE 

S 

V 

vN 

X , Y , Z  

v o r t e x - l i f t  r a t i o ,  equation (20)  

l i f t  f o rce  

re ference  length  

length of leading edge 

p i tch ing  moment about cen te r  of moments, o r  f ree-  
stream Mach number 

normal force  

s t a t i c  pressure  d i f f e rence  between l o w e r  and upper 
su r faces  of l i f t i n g  su r face  

free-stream dynamic pressure  

body rad ius  

radius  of base of nose 

re ference  a rea  

suc t ion  fo rce  normal t o  lead ing  edge 

suc t ion  fo rce  normal t o  s i d e  edge 

semispan of l i f t i n g  surface,  o r  width of elemental 
panel i n  supersonic method 

per turba t ion  v e l o c i t i e s  along x ,y , z  d i r e c t i o n s ,  
respec t ive ly  

free-stream v e l o c i t y  

volume of nose 

conf igura t ion  coordinates  with o r i g i n  a t  body nose, 
f i g u r e  1 

w i n g  coordinates ,  f i g u r e  1 

x l o c a t i o n  of l i f t i n g - s u r f a c e  hinge l i n e  
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x location of center of moments 

X 
S 

- 
X 

HL Z 

a 

rB 

rn 

rt 

6 

A 

V 

P 

0 

x position for onset of separation from body nose 

center-of-pressure location 

height of lifting-surface hinge line 

body angle of attack 

V C - 7  or 6Z-l 
right body-vortex strength, positive counterclockwise 
when viewed from rear of configurations 

n'th separation-vortex strength on right wing panel 

trailing-vortex strength on right wing panel 

lifting-surface deflection angle, positive trailing 
edge down 

nose angle, degrees 

sweep angle 

transformed vortex position, Appendix A 

density 

complex vortex position, y + iz 

Subscripts 

afterbody 

average 

body 

body in presence of tail 

body in presence of wing 

canard 

tail or empennage 

hinge line 
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LE 

N 

P 

root 

SE 

T (B) 

TE 

t 

tip 

V 

W (B) 

W 

leading edge 

nos e 

potential 

root chord 

side edge 

tail in presence of body 

trailing edge 

trailing vortex 

tip chord 

vortex 

wing in presence of body 

wing 

Superscripts 

incompressible quantity 
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GENERAL DESCRIPTION OF APPROACH 

Def in i t ions ,  Notations,  and Conventions 

Before present ing  d e t a i l s  of t h e  pred ic t ion  method, t h e  

general  approach t o  t h e  method, t h e  coordinate systems, and t h e  
s ign  conventions are described i n  t h i s  sec t ion .  I n  order  t o  proceed 

with t h e  ana lys i s ,  t h e  configurat ion must  be subdivided i n t o  i t s  
basic l i f t i n g  components as follows: 

(1) Nose, N 

( 2 )  Wing i n  presence of body, W ( B )  

( 3 )  Body i n  presence of wing, B(W) 

(4)  Afterbody, A 

(5)  T a i l  i n  presence of body, T(B)  

(6) Body i n  presence of t a i l ,  B 

N o s e  I Wing IAfterbody 

Body i n  presence 
of wing 

presence 
of t a i l  

The components are indica ted  on t h e  above sketch. The nose i s  
taken as t h a t  p a r t  of t h e  body ahead of t h e  wing leading-edge 
i n t e r s e c t i o n  with t h e  body. The wing i n  t h e  presence of t h e  body 
and t h e  t a i l  i n  the presence of t h e  body are considered t o  be t h e  
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exposed l i f t i n g  panels.  
( t a i l )  corresponds t o  t h a t  p a r t  of t h e  body onto which any s ign i -  
f i c a n t  p a r t  of the l i f t  generated by t h e  wing ( t a i l )  panels  can 

be ca r r i ed  over. The shaded a reas  shown i n  t h e  preceding sketch 
correspond roughly t o  t h e  body i n  t h e  presence of t h e  wing and 
t h e  body i n  t h e  presence of t h e  t a i l  f o r  subsonic speeds. For 

supersonic speeds, these a reas  are bounded a t  t h e i r  forward parts 

by Mach l i n e s  o r i g i n a t i n g  a t  the leading  edge of t h e  wing-body 
o r  tail-body junctures .  The af terbody i s  t h a t  por t ion  of t h e  

body between t h e  wing t ra i l ing-edge  and t h e  t a i l  leading-edge 
in t e r sec t ions  w i t h  t h e  body. The cont r ibu t ion  of each of t h e  
components including in t e r f e rence  e f f e c t s  i s  ca lcu la ted  and 
added t o  determine t h e  complete conf igura t ion  c h a r a c t e r i s t i c s .  

The body i n  t h e  presence of t h e  wing 

To s tandardize t h e  nota t ion  f o r  a l l  configurat ions,  t h e  
forward l i f t i n g  sur face  i s  denoted t h e  wing and t h e  a f t  su r f ace  
t h e  t a i l ,  even i n  the  case of canard configurat ions.  Both wing 
and t a i l  may have incidence w i t h  respec t  t o  t h e  body axis, b u t  
d i f f e r e n t i a l  incidence between opposi te  w i n g  o r  t a i l  panels  i s  
not considered. 

For t h e  wing-body-tail combination, a set  of coordinates ,  

x ,y ,z  
u r e  1. Wing and t a i l  panels need not be c e n t r a l l y  mounted on 
t h e  body. They have hinge l i n e s  located a t  coordinates  as shown 
i n  f igure  2. The wing and t a i l  panels i n  combination with t h e  

body have coordinate  systems designated xw,yw,zw and xe,ye,ze, 
respect ively.  The coordinates  of t h e  panels  are shown f o r  zero  
panel incidence, and they do not rotate with panel incidence.  
Pos i t ive  panel incidence is  considered t o  be t r a i l i n g  edge down, 
and t h e  p o s i t i v e  sense is  shown i n  f i g u r e  2. 

a r e  s e t  up with o r i g i n  a t  t h e  body nose as shown i n  f i g -  

I n  the t h e o r e t i c a l  work involving l i f t i n g - s u r f a c e  methods, 
t h e  wing  a lone and t h e  t a i l  alone w i l l  be introduced. The wing 
alone i s  t h e  exposed wing panels  joined toge ther ,  and t h e  t a i l  
alone i s  the  exposed t a i l  panels  joined together .  When t h e  wing 
and t a i l  are mounted on t h e  body i n  regions of changing c ross  
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sec t ion ,  t h e  undeflected l i f t i n g  surfaces  w i l l  usua l ly  have roo t  
s ec t ions  which are not  p a r a l l e l  t o  t h e  body axis. I n  t h i s  case, 

t h e  roo t  s ec t ion  i s  taken parallel  t o  the  body axis a t  some 
average body rad ius ,  such t h a t  t h e r e  i s  no change i n  panel plan- 
form area. The panels  w i l l  then f i t  smoothly together a t  t h e i r  
roo t  chords t o  form t h e  wing alone or t a i l  alone. The coordinate  
systems at tached t o  t h e  wing alone and t a i l  alone are designated 
%,yw,zw and xe,ye,ze, respect ively.  
o r i g i n a t e  a t  t h e  most forward po in t s  of t h e  panel leading edges 
as shown i n  f i g u r e  1. The coordinate  transformations,  which 
assume s m a l l  incidence angles,  a r e  as follows f o r  t h e  right-hand 
panels  

These coordinate  systems 

x = x - x  
LEW 

W 

x = x - x  
LEe e 7 

J - x e ) s i n  h e  
e - (XHL HLe 

z = z - z  e 

Each of t h e  s i x  components of t h e  configurat ion con t r ibu te  
t o  t h e  t o t a l  f o r c e  and moment on t h e  complete configurat ion.  Each 
component has a fo rce  and moment associated w i t h  p o t e n t i a l  flow 
and a f o r c e  and moment assoc ia ted  with viscous o r  vortex flow. 
However, i n  t h e  case of t h e  afterbody, w e  w i l l  only consider  
viscous fo rces  and moments. ( P a r t  of t he  l i f t  carryover f r o m  
t h e  wing panels  onto t h e  body may appear on t h e  afterbody.) 
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The symbols l i s t  i n  a previous sec t ion  d e f i n e s  a l l  t h e  c o e f f i -  
c i e n t s  and subscr ip ts ,  b u t  i n  o rder  t o  c l a r i f y  t h e  no ta t ion  f o r  
force and moment c o e f f i c i e n t s  f o r  var ious components, a systematic  
set of notat ion has been compiled i n  Table 1. The normal fo rce  
represents  t h e  force  normal t o  t h e  axis of the  body. 
normal t o  t h e  free-stream d i rec t ion .  P i tch ing  moments are taken 
about a spec i f ied  cen te r  of moments with a p o s i t i v e  moment tending 
t o  r o t a t e  t h e  conf igura t ion  t o  a h igher  angle  of a t t ack .  The 
center-of-pressure loca t ions  are measured from t h e  nose of t h e  
body i n  t h e  body coordinate  system. 
along the  body a x i s  with a p o s i t i v e  force  d i r ec t ed  a f t .  
zero ang led rag  i s  excluded from t h e  ana lys i s ,  t h e  only components 
cont r ibu t ing  t o  an a x i a l  fo rce  are t h e  l i f t i n g  sur faces  a t  non- 
zero incidence angle. Supersonic wave drag i s  not included. 

L i f t  i s  

The a x i a l  fo rce  i s  al igned 
Since 

A system of designat ion i s  required f o r  t h e  v o r t i c e s  present  
i n  t h e  ana lys i s .  Only one p a i r  of body v o r t i c e s  i s  assumed shed 
from the  nose, and t h e  symbol rB i s  used t o  refer t o  t h e  r i g h t  
body vortex. The sense i s  such tha t  a counterclockwise r o t a t i o n ,  
when viewed from t h e  r e a r  of t h e  configurat ion,  i s  taken as 
pos i t ive .  Only one p a i r  of v o r t i c e s  o r i g i n a t i n g  a t  t h e  wing panel 
t r a i l i n g  edges i s  considered, and t h e  r i g h t  t r a i l i n g  vortex i s  

designated r t  with t h e  same s ign  convention as f o r  t h e  body 
vor t ices .  Since more than one wing separa t ion  vortex may be 

involved, w e  designate  r i g h t  wing panel separa t ion  v o r t i c e s  as 
r1,r2,.. with subsc r ip t s  increas ing  as t h e  v o r t i c e s  are more 
outboard. 

Summary of Analy t ica l  Approach 

Before de r iv ing  t h e  d e t a i l e d  equations appl icable  t o  each 
l i f t i n q  element of t h e  conf igura t ion ,  it i s  use fu l  t o  summarize 
t h e  a n a l y t i c a l  approach. The body p o t e n t i a l  l i f t  d i s t r i b u t i o n  
up t o  the s ta r t  of t h e  wing i s  determined by slender-body theory 
i n  t h e  same manner a s  descr ibed i n  reference 2. The vortex char- 
a c t e r i s t i c s  of the  body are determined from a combination of d a t a  
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c o r r e l a t i o n  and theory.  
t h e  p o s i t i o n s  of t h e  v o r t i c e s  a s  a function of d i s t ance  behind 
t h e  body-separation pos i t i on ,  xs. The value of xs i s  determined 
f r o m  experimental c o r r e l a t i o n s .  The body-vortex s t r eng ths  are 
determined from t h e  v o r t e x - l i f t  theorem and experimental normal- 
force d i s t r i b u t i o n  data. The vortex s t rengths  so determined from 
t h e  d a t a  are co r re l a t ed  t o  provide a char t  f o r  p red ic t ion  purposes. 
I n  t h e  foregoing fashion,  t h e  body-vortex s t r e n g t h  and p o s i t i o n  
are known a t  every a x i a l  s t a t i o n  up t o  the wing. From th i s  infor -  
mation t h e  r e s u l t i n g  body normal force  and p i t ch ing  moment can be 

determined. 

The ava i l ab le  data  a r e  analyzed t o  y i e l d  

The t r a j e c t o r y  taken by the  body-vortex p a i r  as it moves 
downstream p a s t  t h e  wing and body is  computed by conformal t rans-  
formation and crossflow methods. The presence of t h e  wing is  
included i n  t h i s  ca l cu la t ion  as t h e  vortex pair i s  imaged i n s i d e  
t h e  w i n g  and body. The e f f e c t  of w i n g  panel de f l ec t ion  on t h e  
body-vortex t r a j e c t o r i e s  i s  not taken i n t o  account. The body 
v o r t i c e s  do not change s t r eng th  af ter  they pass  t h e  
s t a t  ion. 

= xLEw 

The next step is  t o  determine t h e  normal fo rce  on t h e  wing 
i n  t h e  presence of t h e  body. 
i t y  normal t o  t h e  wing panel cont ro l  po in ts  with t h e  def lec ted  
panels  i n t h e  p re senceof thebody  a r e  calculated.  The normal induced 

ve loc i ty  a t  a p a r t i c u l a r  cont ro l  po in t  i s  made up of a free-stream 
component due t o  body crossflow, and an induced ve loc i ty  f i e l d  due 
t o  t h e  body vor t i ce s .  The induced ve loc i ty  normal t o  each wing 
elemental panel  a t  t h e  cont ro l  po in t  i s  ca lcu la ted  with t h e  wing 
panel i n  place. The wing panels  are then joined toge ther  a t  t h e  
root  chord and the wing-alone c h a r a c t e r i s t i c s  are determined from 
t h e  l i f t i n g - s u r f a c e  theory. The d i s t r i b u t i o n  and cen te r  of 
pressure  of t h e  leading-edge suc t ion  and side-edge suc t ion  are 
determined a t  t h i s  t i m e .  

For t h i s  purpose t h e  induced veloc- 

The next s t e p  i n  t h e  ana lys i s  is t o  set up t h e  wing-separation 
vortex model. This requi res  a knowledge of s t r eng th  of t h e  wing- 
separa t ion  v o r t i c e s  and t h e i r  pos i t i ons  a t  t h e  wing t r a i l i n g  edge. 



leading and s i d e  edges i s  propor t iona l  t o  t h e  l o c a l  leading-edge 
suct ion force  per  u n i t  length.  T h e  f r a c t i o n  of t h e  t o t a l  leading- 
edge suct ion which i s  converted t o  vortex l i f t  through t h e  Polhamus 

analogy is  not pred ic ted ,  bu t  it i s  known t h a t  it i s  not a l l  con- 

verted t o  vortex l i f t  f o r  a l l  aspec t  r a t i o s .  Comparing wing-alone \ 

lift data  on d e l t a  wings i n  subsonic and supersonic flow with I 

predicted lift curves,  including vortex l i f t ,  t h e  ac tua l  f r a c t i o n  
of the t h e o r e t i c a l  vortex l i f t  required t o  g ive  good agreement 
with experiment can be determined. This procedure was c a r r i e d  
ou t  f o r  a family of d e l t a  wings with aspect  ra t ios  f r o m  0.25 to 4 
and r e s u l t s  i n  c o r r e l a t i o n  curves f o r  t h e  f r a c t i o n  of t h e o r e t i c a l  
leading-edge vortex l i f t  achieved versus aspect  r a t i o .  A s i m i l a r  
co r r e l a t ion  curve developed from rec tangular  wing data i s  ava i l -  
able f o r  side-edge vortex l i f t .  From these  r e s u l t s  w e  then obta in  
t h e  wing-separation vortex s t r eng th  and l a t e r a l  pos i t ion .  W e  have 
been u n a b l e  t o  de te rmine  t he  v e r t i c a l  vortex pos i t i on  accura te ly  
by theory, so co r re l a t ed  t e s t  d a t a  f o r  vortex v e r t i c a l  pos i t i on  a t  
t h e  wing  panel t r a i l i n g  edge is used. Having determined t h e  
vortex l a t e r a l  pos i t i on  by a method which includes body upwash 
and body-vortex e f f e c t s  and having determined t h e  loading on t h e  
wing panel i n  t h e  presence of t h e  body, w e  assume the la te ra l  
vortex pos i t i on  as ca lcu la ted  above i s  not f u r t h e r  influenced by 
t h e  presence of t h e  body. 

The lift carryover onto t h e  body i n  t h e  presence of t h e  wing 
due t o  t h e  var ious components of  l i f t  on the  wing i s  obtained 
f r o m  v o r t e x - l i f t  theorems f o r  subsonic speeds and l i f t  i n t e r -  
ference f a c t o r s  a t  supersonic speeds. 

A t  t h e  wing t r a i l i n g  edge w e  have a t  l e a s t  three p a i r s  of 
vo r t i ce s ;  one p a i r  of body v o r t i c e s ,  a p a i r  of t r a i l i n g  v o r t i c e s  
due  t o  t he  wing p o t e n t i a l  lift, and one o r  more p a i r s  of sepa- 
r a t i o n  vo r t i ce s .  The t r a j e c t o r i e s  of the t h r e e  p a i r s  of v o r t i c e s  
are ca lcu la ted  using methods of conformal t ransformation i n  t h e  
crossflow plane from t h e  wing t r a i l i n g  edge t o  the  t r a i l i n g  edge 
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of t h e  empennage. The normal-force d i s t r i b u t i o n  on t h e  afterbody 
can then  be determined by t h e  v o r t e x - l i f t  theorem. 

The induced v e l o c i t i e s  due t o  t h e  vortex p a i r s  are determined 
a t  t h e  con t ro l  po in t s  on t h e  t a i l  panels. These v e l o c i t i e s ,  
toge ther  with those  associated with the free stream, panel def lec-  
t i o n ,  and body crossflow, a l l o w  t h e  t a i l  loading t o  be ca l cu la t ed  
i n  t h e  same fash ion  as f o r  t h e  wing. The loading on t h e  body i n  
t h e  presence of t h e  t a i l  i s  determined i n  a s i m i l a r  fashion as f o r  
t h e  body i n  t h e  presence of t h e  wing. The system of t r a i l i n g  and 
separa t ion  v o r t i c e s  from t h e  t a i l  are ca lcu la ted ,  b u t  t h e s e  v o r t i c e s  
do not  con t r ibu te  t o  t h e  in t e r f e rence  on t h e  configurat ion.  

From t h e  loadings on t h e  var ious components of the configu- 
r a t i o n ,  t h e  complete conf igura t ion  l i f t  f o r c e  and t h e  induced drag 
due t o  l i f t  are ca lcu la ted .  From t h e o r e t i c a l  ca l cu la t ions  of the 
c e n t e r s  of pressure  of t h e  var ious loadings,  t h e  p i t ch ing  moment 
of t h e  complete configurat ion i s  determined. 

PREDICTION METHOD 

The de ta i led  ana lys i s  of t h e  ca l cu la t ion  procedure used f o r  
each component of t h e  conf igura t ion  i s  presented i n  t h i s  sec t ion .  
Any needed data c o r r e l a t i o n s  are also described. 

Body N o s e  

The nose, t h a t  p a r t  of t h e  body ahead of t h e  wing, genera l ly  
does not  c o n t r i b u t e  a large por t ion  of t h e  t o t a l  force on a 
t y p i c a l  a i rc raf t  configurat ion.  For t h i s  reason, it i s  assumed 
t h a t  slender-body theory i s  s u f f i c i e n t l y  accura te  t o  p r e d i c t  nose 
forces and moments due t o  p o t e n t i a l  flow. From reference  2, t h e  
l i f t  c o e f f i c i e n t  is 

2 2 r r N  

S = -  s i n  a C 
LN,P 

( 3 )  
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where the tr igonometric funct ion of 01 i s  used i n  p l ace  of a 
t o  improve t h e  r e s u l t s  a t  h igher  angles  Of a t t ack .  
reference,  t h e  slender-body theory cen te r  Of p ressure  of t h e  

po ten t i a l  l i f t  i s  

From the same 

where VN i s  t h e  volume of t h e  nose. 

AS t h e  angle of a t t a c k  of a body increases ,  flow separa t ion  
occurs on t h e  leeward s ide .  This separated f l o w  has  been observed 
t o  cons i s t  of concentrated vo r t i ce s .  A t  in termediate  angles  of 
a t t a c k ,  t h i s  v o r t i c i t y  i s  i n  t h e  form of a symmetrical p a i r  of 
vor t ices .  A s  t h e  angle of a t t a c k  increases ,  t h e  p a i r  of v o r t i c e s  
become asymmetric. The present  i nves t iga t ion  i s  concerned only 
w i t h  t he  symmetrical p a i r  of vo r t i ce s .  This shed v o r t i c i t y  i s  a 
source of nonl inear  loading which must be accounted f o r  i n  t h e  
p red ic t ion  of forces  and moments on t h e  body nose. Fur ther ,  t h e s e  
shed body v o r t i c e s  a r e  a source of i n t e r f e rence  on t h e  wing and 
t a i l  surfaces downstream of t h e  o r i g i n  of separa t ion .  Thus, it 
i s  necessary t h a t  a method be developed t o  descr ibe  t h e  vortex 
c h a r a c t e r i s t i c s  and t h e  assoc ia ted  induced loadings.  

The range of angle of a t t a c k  over which a symmetric, s teady 
vortex system occurs must be defined. A s  t h e  angle  of a t t a c k  is  
increased above t h i s  range, t h e  vortex system becomes asymmetrical 
and s i d e  forces  are induced on t h e  body. Avai lable  d a t a  on t h e  
onset  of body-flow separa t ion  and t h e  onset  of asymmetric vortex 
shedding have been co r re l a t ed  ( r e f s .  6 t o  23 and 61) . The angle of 
attack for the onset of asymmetrical vortex shedding as a funct ion 
of nose f ineness  r a t i o  i s  presented i n  f i g u r e  3 .  A recommended 
boundary is shown on t h i s  f i gu re .  Configurations which f a l l  
above the  boundary are considered t o  be outs ide  t h e  range of 
a p p l i c a b i l i t y  of t h e  cu r ren t  method. 
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For a body alone, separa t ion  occurs f i r s t  a t  t h e  a f t  end. 
A s  t h e  angle  of a t t a c k  i s  increased,  the separated region extends 
f u r t h e r  forward u n t i l  it f i n a l l y  Coversmost, i f  not a l l ,  of the  

body length.  Thus, some means of determining the a x i a l  l oca t ion  
where separa t ion  begins mus t  be  obtained. For t h i s  purpose, d a t a  
w e r e  examined t o  develop an appropriate  a n a l y t i c a l  r e l a t i o n .  

The ava i l ab le  d a t a  w e r e  general ly  determined by one of t h r e e  
methods; examination of c i rcumferent ia l  p ressure  d i s t r i b u t i o n s ,  
vapor screen ind ica t ions  of t h e  presence of a vortex p a i r ,  and 
su r face  flow v i sua l i za t ion .  The f i r s t  two methods are not very 
s e n s i t i v e  ind ica to r s .  I n  addi t ion ,  c i rcumferent ia l  p ressure  
d i s t r i b u t i o n s  are taken a t  d i s c r e t e  i n t e r v a l s  along t h e  models, 
which y i e l d s  an uncer ta in ty  of up t o  the i n t e r v a l  length.  Surface 
flow v i s u a l i z a t i o n  is perhaps the most reliable ind ica to r ,  b u t  it 
i s  d i f f i c u l t  t o  i n t e r p r e t  a t  t h e  forward edge of t h e  separated 
region. Thus, t h e r e  is  considerable  uncertainty assoc ia ted  with 
attempting t o  de f ine  t h e  o r i g i n  of separat ion on an inc l ined  body. 

Data on t h e  o r i g i n  of separa t ion  a r e  shown i n  f i g u r e  4. The 
d a t a  are separated according t o  t h e  bluntness  of t h e  body nose. 

For sharp-nose bodies ,  ( f ig .  4 ( a )  ) , several  i nves t iga t ions  show 
r e s u l t s  i n  t h e  form of bands one t o  two diameters wide, genera l ly  
obtained by t h e  f i r s t  two methods noted above. The da ta  p o i n t s  

from reference  18 w e r e  obtained from surface flow v i s u a l i z a t i o n  
and tend t o  f a l l  below t h e  bands. It is  probable t h a t  t h e r e  i s  
some angle  of a t t a c k  of t h e  order  of 4O b e l o w  which separa t ion  
does not  occur on bodies of reasonable length.  Further ,  cone 
d a t a  i n d i c a t e  separa t ion  t o  occur up t o  t h e  nose a t  angles of 

a t t a c k  of t h e  order  of the  cone semiapex angle,  so it i s  probable 
t h a t  s epa ra t ion  does o r i g i n a t e  a t  t h e  nose of pointed-nose bodies 
a t  s u f f i c i e n t l y  high angles  of a t t ack .  A s  a r e s u l t  of t h e s e  d a t a  
and cons idera t ions ,  t h e  following expression w a s  chosen f o r  sharp- 
nosed bodies. 
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X 

N r ( 5 )  

The r e su l t i ng  curve f o r  €IN = 20° i s  shown i n  f i g u r e  4 ( a ) .  

Data f o r  blunt-nosed bodies  are shown i n  f i g u r e  4 ( b ) .  I n  
t h i s  case it appears t h a t  t h e  b luntness  dominates t h e  separa t ion  
c h a r a c t e r i s t i c s  such t h a t  separa t ion  i s  r e l a t i v e l y  i n s e n s i t i v e  
t o  angle of a t tack .  For  t h i s  case, t h e  following expression w a s  
chosen. 

X 
- -  s - -  lo + 2 
r a - 4  N 

The r e s u l t i n g  curve i s  shown on f i g u r e  4 ( b ) .  

I n  the c o r r e l a t i o n  work f o r  vortex s t r eng th  and pos i t i on ,  
which i s  discussed b e l o w ,  t h e  o r i g i n  of separa t ion  must be known. 
Equations (5)  and (6)  w e r e  used f o r  t h i s  purpose. The p r e c i s e  
f o r m  of t hese  r e l a t i o n s  i s  not  so important as consis tency i n  
t h e i r  use, i n  that  d i f f e r e n t  r e l a t i o n s  would r e s u l t  i n  compen- 
s a t i n g  d i f fe rences  i n  s t r eng th  and p o s i t i o n  c o r r e l a t i o n s  t o  g ive  
e s s e n t i a l l y  the same vortex p a t t e r n  and induced fo rce  d i s t r i b u t i o n .  

D a t a  on shed vortex s t r eng th  and p o s i t i o n  are shown as a 
funct ion of d i s t ance  along t h e  body from t h e  o r i g i n  of separa t ion  
i n  f igu re  5. The vortex s t r eng th  d a t a  co l l apse  i n t o  t w o  curves 
i n  f igure  5 ( a ) ,  one each f o r  subsonic flow and supersonic f l o w .  
The l a t e r a l  vortex pos i t i on  i n  f i g u r e  5 ( b )  a l s o  appears t o  be a 
function of  Mach number and it can be resolved i n t o  two curves 
a l so .  The t w o  recommended curves are shown f o r  Mach numbers less 
than and greater than one. The vortex v e r t i c a l  pos i t i ons  i n  
f i g u r e  5 i c j  tend t o  coiiapse onto a s i n g l e  curve. ;cote on these 
cor re l a t ion  curves,  t h e  a x i a l  d i s t ance  along t h e  body i s  normalized 
by t h e  body rad ius  a t  t h e  base of t h e  nose, b u t  t h e  s t r eng th  and 
pos i t ion  d a t a  are normalized by t h e  l o c a l  body radius .  
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The vortex-induced fo rce  on t h e  nose i s  determined i n  the 
following manner. 
t i o n s  (5) or (6), depending upon nose shape. I f  t h e  separa t ion  
po in t  i s  a f t  of t h e  wing roo t  leading-edge loca t ion ,  it i s  assumed 
that no body v o r t i c e s  are shed and they are not  considered i n  

following in t e r f e rence  ca lcu la t ions .  When separa t ion  occurs on 
the nose, t h e  c o r r e l a t i o n  curves i n  f igu re  5 are used t o  determine 
t h e  s t r eng th  and pos i t i on  of t h e  vortex p a i r  along t h e  nose. Once 

th i s  information i s  ava i l ab le ,  t h e  d i s t r i b u t i o n  of normal force  
induced on the nose by t h e  shed v o r t i c i t y  is  ca l cu la t ed  using t h e  
vor tex  impulse theorem of reference 24. 

The separa t ion  po in t  is ca lcu la t ed  from equa- 

The vortex impulse theorem simply states t h a t  t h e  fo rce  
induced on a body by a vortex is  proport ional  t o  the change i n  
the product of t h e  vortex s t r eng th  and the complex d i s t ance  between 
t h e  vortex and i t s  image. Therefore, t h e  normal-force c o e f f i c i e n t  
on t h e  nose between po in t s  
between xs and XLE,, i s  t h e  following. 

x1 and x2, both of which must l i e  

where 
n 

and 

- + i z  J ‘n - Yn n 

The nose, between t h e  separa t ion  po in t  and 
a number of segments and t h e  normal-force c o e f f i c i e n t  on each 
segment is  computed using equation ( 7 ) .  The to t a l  vortex-induced 
normal force is  simply the sum of t h e  normal fo rces  on a l l  t h e  
segments. The d i s t r i b u t i o n  of normal fo rce  can be used t o  
compute a cen te r  of pressure.  

XLE,, i s  broken i n t o  
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Vortex Trajectories 

Having established the body-separation vortex strength and 
position at the wing leading edge, it is now necessary to compute 
the trajectory of the symmetrical vortex pair as it moves down- 
stream past the wing. Since there will be more than one pair of 
symmetric vortices in the flow field downstream of the wing, the 
trajectory equations in this section will be developed for an 
arbitrary number of symmetrical vortex pairs. 

At some initial axial station at which the trajectory inte- 
gration is to begin, the vortex strengths, rn, and position, yn 
and z,, are known. 
vortex are written as 

The differential equations of motion for each 

- 
v - iw On n n - =  

dx vo3 (9) 

which can be expressed in terms of the G-functions derived in 
Appendix A. 

v - iw n 
= Gc + 1 1 Gm + Gin + GT Val n 

n#m 

Combining equations (9) and (10) results in a set of 2n diffe- 
rential equations which may be integrated from the initial location 
to some point downstream. Thus, the trajectories of the n 
vortices in the field are determined simultaneously. 

When the leading edge of the wing is supersonic; that is, 
- _  i t  ---- lips in f r ~ n + -  of the Ma& cone, fhp vortex trajectories are 
assumed to move parallel to the lifting surface with no change 
in lateral position. Between the wing trailing edge and the 
tail leading edge, the trajectories are calculated as described 
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above. If the tail leading edge is supersonic, the trajectories 
move parallel to that surface without change in lateral position. 

Wing in Presence of Body 

In reference 2, the lift on the wing (or tail) in the presence 

or a value obtained from linear theory, and a slender-body 
of the body is computed using an experimental value for wing-alone 

' L a  
theory interference factor to account for the presence of the body. 
This same procedure was used for both subsonic and supersonic flows. 
In the present method, the wing (or tail) loading is computed 
using a lifting-surface theory. The wing panels are left in place 
for calculation of the interference flow field, but they are moved 
together and assumed joined at the root chord for the loading 
calculation. Since different lifting-surface schemes are used 
for subsonic or supersonic flows, each of these flow regimes are 
discussed separately. 

Subsonic flow.- Since we are considering the wing alone, the 
wing coordinate system (~,yw,zw) shown in figure 1 is used. The 
compressibility correction is included through use of the Glauert- 
Prandtl rule which states that the incompressible condition can 
be obtained from the compressible by stretching the streamwise 
coordinates by the factor 1/B and reducing all angles by the 
factor B.  Therefore, the geometric transformations are 

a'  = i3a 

where the prime indicates the incompressible flow condition. 
The lifting-surface solution is carried out in the incompressible 
system and the loading results are transformed back to the 
Compressible condition through the following transformations. 
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The normal force  of t h e  wing i s  proport ional  t o  t h e  product 
of t h e  pressure d i f f e rence  and t h e  re ference  area 

where w e  have used t h e  r e s u l t  based on l i n e a r  theory t h a t  t h e  
pressure c o e f f i c i e n t  scales as u. 

The suct ion force  on t h e  leading edge is  proport ional  t o  
t h e  product of t h e  pressure  d i f f e rence  and t h e  length of t h e  
lead ing  edge. 

_I-  'LE ap - - FX - -  

The suc t ion  s i d e  fo rce  on t h e  streamwise edge, or t i p ,  
scales as t h e  product of the pressure  d i f f e rence  and t h e  length  
of t h e  edge. 

Boundary condition: The l i f t i n g - s u r f a c e  method chosen t o  
so lve  the subsonic case i s  a three-dimensional, vo r t ex - l a t t i ce  
method. The wing is  divided i n t o  an a r b i t r a r y  number of t rape-  
zo ida l  area elements. A horseshoe vortex i s  placed i n  each area 
element such t h a t  t h e  bound leg l ies  along t h e  qua r t e r  chord of 
t h e  element and i t s  t r a i l i n g  legs l i e  along t h e  streamwise edges 
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of t h e  element. The t r a i l i n g  l e g s  a r e  assumed t o  l i e  i n  the plane 
of t h e  a rea  element. Thus, t h e  wing vortex t r a i l i n g  legs extend 
back t o  i n f i n i t y  i n  t h e  plane of t h e  wing. The area elements 
have a uniform spacing i n  t h e  ccordwise d i r ec t ion ;  b u t  i n  t h e  
spanwise d i r e c t i o n ,  t h e  element spacing need not  be equal t o  
a l l o w  for  c l o s e r  spacing where l a r g e  loading gradien ts  e x i s t .  
The wing may have camber, t w i s t ,  and incidence. The leading and 
t r a i l i n g  edges may have breaks i n  sweep and t h e  t i p  chord 
must be p a r a l l e l  with t h e  wing root  chord. Thickness effects  are 
neglected.  

The flow tangency boundary condition is  appl ied a t  t h e  
con t ro l  po in t s  located a t  t h e  midpoint of t h e  three-quarter  chord 
of each area e lement .  The con t ro l  po in ts  l i e  i n  t h e  plane of 
t h e  wing. The boundary condi t ion states t h a t  t h e r e  i s  no flow 
normal t o  each area e lement  a t  t h e  cont ro l  po in t .  The v e l o c i t i e s  
normal t o  t h e  wing c o n s i s t  of a component of t h e  f r e e  stream due 
t o  angle  of a t t ack ,  wing incidence,  and camber; per turba t ion  
v e l o c i t i e s  induced by t h e  wing horseshoe vortex system; and 
ex te rna l ly  induced v e l o c i t i e s .  The ex te rna l ly  induced v e l o c i t i e s  
are generated by t h e  f r e e  v o r t i c e s  i n  the f l o w  f i e l d  and body- 
induced upwash using t h e  method described i n  Appendix B. S a t i s -  
fy ing  t h e  boundary condi t ion y i e l d s  equations f o r  obtaining t h e  

c i r c u l a t i o n  s t r eng th  of each horseshoe vortex. The equations 
descr ib ing  t h e  above boundary conditions are presented i n  d e t a i l  

i n  re ference  25 along with a discussion of t h e  use of a vortex- 
l a t t i ce ,  l i f t i n g - s u r f a c e  method. 

P o t e n t i a l  l i f t :  Once t h e  c i r c u l a t i o n  values  have been 
computed, t h e  normal fo rce  on each wing element can be obtained 
by means of t h e  Kutta-Joukowski theorem f o r  t h e  aerodynamic 
force on a bound vortex.  The force per u n i t  l ength  on t h e  bound 
vor tex  i s  t h e  dens i ty  mul t ip l ied  by t h e  vec tor  product of t h e  
v e l o c i t y  and c i r c u l a t i o n  vectors .  The l i n e  of ac t ion  i s  normal 
t o  both t h e  v e l o c i t y  vec tor  and t h e  vortex l i n e .  For a given 
area element, t h e  normal fo rce  i s  made up of two pa r t s :  t h e  
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force acting on the bound leg plus the force acting on that part 
of the trailing legs on the streamwise edges of the area element. 
Summing these forces over all the area elements results in a 
total potential normal force for the ying. 
normal force is used to compute a wing-alone center of pressure. 

The distribution of 

Now, having the wing loading and circulation distribution on 
the wing, the trailing-vortex system from the wing, due to the 
potential lift, can be calculated. The trailing vortices from 
the wing can be computed in two ways. 
scheme results in a trailing-vortex filament from each column 
in the wing lattice, these could be used directly. This would 
require consideration of as many as twenty vortices and would 
involve a rolling-up calculation which involves a rather lengthy 
mathematical process. It is believed that the gain in accuracy 
achieved in the downstream interference calculations does not 
make this time-consuming calculation worthwhile. Therefore, the 
distribution of trailing filaments are conibined into a single 
trailing vortex located at the center of vorticity. Since we 
know a normal-force spanwise distribution, the lateral position 
of the trailing vortex representing this span loading is given 

Since the vortex-lattice 

which is measured in the 

s /w 
j 0 (“n)W(B) ,pdYw 

wing-alone coordinate system. The 
strength of this single trailing-vortex filament is given by 

- = -  s c  cos(a + “1 ‘t 
27rV 8mw NW(B),p t 

The vertical position of the trailing vortex is assumed to be 
at the wing trailing edge corresponding to ywt. 
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Vortex l i f t :  A t  h igh angles of a t tack ,  wings can develop 
more lift than i s  accounted f o r  by the p o t e n t i a l  l i f t  j u s t  
described. For ins tance ,  addi t iona l  l i f t  i s  assoc ia ted  with f l o w  
separa t ion  along swept lead ing  edges, Accompanying t h i s  addi- 
t i o n a l  lift is a separa t ion  vortex shed con t inua l ly  along t h e  
lead ing  edge. E f f o r t s  t o  p r e d i c t  t h e o r e t i c a l l y  t h e  s t r eng th  
and loca t ion  of t h i s  vortex and i t s  induced e f f e c t s  have not  been 
successful .  A r ecen t ly  developed approach described i n  r e fe r -  
ence 26 shows s o m e  promise f o r  an a n a l y t i c a l  so lu t ion  of t h e  
separa t ion  vortex. A s i m p l e  method of est imat ing t h e  v o r t e x - l i f t  
c h a r a c t e r i s t i c s  of s w e p t  wings has  been the Polhamus leading-edge 
suc t ion  analogy ( r e f .  1). This analogy i n  oversimplif ied f o r m  
states t h a t  t h e  vortex l i f t  on a del ta  wing is  equal i n  magnitude 
t o  t h e  leading-edge suc t ion  on t h e  wing. Physical ly ,  t h e  analogy 
ind ica t e s  t h a t  when flow separates from t h e  leading edge and 
r ea t t aches  on t h e  upper sur face ,  t he  addi t iona l  normal fo rce  on 
t h e  upper surface required t o  maintain flow about t h e  vortex is  
t h e  same as t h e  leading-edge suc t ion  f o r c e  t h a t  is  required t o  
maintain p o t e n t i a l  f l o w  about t h e  leading edge. 

The vortex-induced normal force  can be w r i t t e n  as 

2 
C = Kv s i n  a 

NW(B) ,v LE 

can be computed from a l i f t i ng - su r face  theory.  
K V ~ ~  where 

Charts of KvLE 

able i n  re ference  27. 
Polhamus analogy g ives  no ind ica t ion  of where t h e  cen te r  of 
pressure  of t h i s  p a r t  of t h e  lift occurs. 
are f o r  a wing alone with no ex te rna l  in te r fe rence  e f f e c t s  from 
bodies  or free vor t i ce s .  The vor t ex - l a t t i ce  method i s  a good 
means f o r  c a l c u l a t i n g  t h e  leading-edge suc t ion  d i s t r i b u t i o n .  It  

a l s o  a l l o w s  ex te rna l  i n t e r f e rence  e f f ec t s  t o  be considered. 

fo r  a v a r i e t y  of swept wing shapes are ava i l -  
Calcu la t ion  of the vortex l i f t  by t h e  

Also, e x i s t i n g  r e s u l t s  
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I n  a manner analogous t o  t h e  normal-force c a l c u l a t i o n ,  t h e  

fo rces  i n  t h e  
and 2 c i r c u l a t i o n  d i s t r i b u t i o n  on t h e  wing i s  known. L e t  ex 

xw,yw plane  of t h e  wing can be computed .once t h e  
-+ 

Y 
be u n i t  vec to r s  i n  t h e  x and y d i r e c t i o n s ,  r e s p e c t i v e l y .  W e  

are indebted t o  D r .  John E. Lamar of Langley Research Center  f o r  
po in t ing  out  t h e  a p p l i c a t i o n  of t h e  vo r t ex  analogy t o  streamwise 
edges. + 2 r  7 = 2xrx 

Y Y  

and t h e  f o r c e  pe r  u n i t  l eng th  on t h e  vor tex  element,  has  

components given by 

x and y 

F = pwrx 
Y 

F~ = p r y  

where w i s  t h e  upwash a t  t h e  vor tex  element neg lec t ing  i t s  own 
se l f - induct ion  a t  t h e  po in t .  This technique w i l l  a l s o  r e s u l t  i n  

-component of f o r c e  a s soc ia t ed  wi th  a sepa ra t ion  vo r t ex  from 
This use  of t h e  v o r t e x - l a t t i c e ,  

a yw 
t h e  s t r e a m w i s e  edge of the wing. 
l i f t i n g - s u r f a c e  method al lows t h e  d i s t r i b u t i o n  of leading-edge and 
side-edge suc t ion  t o  be computed which g i v e s  not  only t h e  g ross  
suc t ion  f o r c e  b u t  i t s  center of p re s su re ,  assuming t h a t  t h e  vor tex  
l i f t  a c t s  d i r e c t l y  on t h e  edge where it w a s  generated.  I n  t h e  

c a l c u l a t i o n  it i s  assumed t h a t  a l l  inp lane  f o r c e s  appear a t  t h e  
edges of t h e  wing planform, b u t  none appears  a t  the t r a i l i n g  edge 

because of t h e  Kutta  condi t ion .  I t  i s  p o s s i b l e  t o  o b t a i n  t h e  

g r o s s  inplane f o r c e s  and t h e  s t r e a m w i s e  edge s i d e  f o r c e  indepen- 

dent ly .  
fo rce .  As a check, it must be perpendicular  t o  the l ead ing  edge 
f o r  s t r a i g h t  l ead ing  edges. The p red ic t ed  va lues  of KvLE from 

t h e  v o r t e x - l a t t i c e  method agree  w e l l  wi th  those  i n  t h e  c h a r t s  i n  

By s u b t r a c t i o n  w e  t hus  o b t a i n  t h e  leading-edge s u c t i o n  

reference 27 f o r  de l t a  w i f i g s .  

TO determine how much of t h e  leading-edge or  side-edge 
suc t ion  i s  converted t o  a normal f o r c e ,  t h e  fol lowing procedure 

was used. The method of r e fe rence  27 w a s  appl ied  t o  p r e d i c t  t h e  
p o t e n t i a l  l i f t  and vo r t ex  l i f t  of a l a r g e  number of wing-alone 

conf igura t ions  f o r  which d a t a  are a v a i l a b l e  ( r e f s .  2 8  t o  3 9 ) .  
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The p o t e n t i a l  l i f t  was predicted by two schemes. 
t h e  t h e o r e t i c a l  CLa from reference 27, and the  second used an 
estimated value obtained from t h e  experimental da ta  a t  a = Oo. 
There i s  some e r r o r  involved i n  f i t t i n g  a tangent t o  an experi-  
mental l i f t - cu rve  slope near 

The f i rs t  used 

a = oO. 

The l i f t  da ta  f o r  a l l  t h e  wings i n  references 28  t o  39 w e r e  
analyzed t o  obtain t h e  p o t e n t i a l  and vo r t ex - l i f t  components from 
both predic t ion  methods; one using the t h e o r e t i c a l  l i f t - cu rve  
slope,  t h e  other  using an approximate measured value. Assuming 
t h a t  t h e  po ten t i a l  lift w a s  co r rec t ,  the  vortex l i f t  obtained 
from t h e  measured t o t a l  l i f t  was compared t o  t h e  t h e o r e t i c a l  
vortex l i f t  assuming t h a t  a l l  t h e  theo re t i ca l  suct ion i s  converted 
t o  Vortex l i f t .  A suct ion r a t i o  is defined as follows: 

Experimental Kv 
- LE 

Theoret ical  Kv 
LE 

- 
LE 

The above r a t i o  i s  t h e  f r a c t i o n  of the  t h e o r e t i c a l  vortex l i f t  
developed by t h e  wing. 

a r e  shown i n  f igu re  6 ( a ) .  

a t  a = Oo and the  so l id  symbols represent  those 

* The da ta  co r re l a t ions  f o r  KvLE 

I n  t h i s  t h e  open symbols represent  those values computed using 
measured 
values computed using an a n a l y t i c a l  CL,. I n  most cases, t h e  
s o l i d  symbols are s l i g n t l y  higher  than t h e  corresponding open 
symbols. Although t h e r e  i s  considerable scatter i n  t he  corre- 
l a t i o n s ,  f a i r ed  curves are presented t o  make it e a s i e r  t o  chose 
t h e  appropriate  value of KCLE. When f a i r i n g  the  curves, t h e  
da ta  of reference 29 w a s  weighted more heavi ly  than the  o ther  
references because it contains  a systematic series of sharp 
leading-edge d e l t a  wings which w e r e  t es ted  t o  very high angles 
of a t t ack .  The dashed curve is  t h e  f a i r i n g  f o r  t h e  open symbols, 
and t h e  s o l i d  curve is  t h e  f a i r i n g  for  t h e  s o l i d  syrbols. The 
curves a r e  i n  f a i r  agreement over the  e n t i r e  range of aspect 
r a t i o s .  I n  f igu re  6 ( a ) ,  t h e  leading-edge shape i s  noted beside 

'La 
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each reference.  One might expect  t h a t  w i n g s  with sha rp  edges 
develop more vor tex  l i f t  than wings wi th  b l u n t  o r  rounded edges. 

There i s  d e f i n i t e  i n d i c a t i o n  of t h i s  f a c t  i n  t h e  d a t a  taken on 

t h e  t h i c k e s t  wing (t /c = 0.12) with t h e  l a r g e s t  r ad ius  l ead ing  

edge ( r e f .  3 3 )  which e x h i b i t s  much less vor t ex  l i f t  than wings of 
t h e  same aspec t  r a t i o  with sharp edges. Thin wings ( t / c  - < 0.5) 

having rounded leading  edges ( r e f s .  36, 37, 38 ,  and 39)  possess  
e s s e n t i a l l y  t h e  same v o r t e x - l i f t  c h a r a c t e r i s t i c s  a s  sharp-edge 

wings. 

One i n t e r e s t i n g  f e a t u r e  of f i g u r e  6 ( a )  i s  t h a t  it p o i n t s  
o u t  t h a t  d e l t a  w i n g s  do not  develop t h e i r  f u l l  t h e o r e t i c a l  vo r t ex  
lift a t  a l l  a spec t  r a t i o s .  F u l l  vo r t ex  l i f t  is  achieved on de l t a  

wings having a spec t  r a t i o s  i n  t h e  range of 0.75 < PR < 1.75. For  
ze ro  angle  of a t t a c k ,  t h e  experimental  va lue  of 

equal  t o  t h e  drag  c o e f f i c i e n t  of a f l a t  two-dimensional p l a t e  
normal t o  t h e  flow, which i s  about 2. The t h e o r e t i c a l  va lue  of 

KvLE should be 

f o r  ze ro  a spec t  r a t i o  i s  T .  Accordingly,  t h e  va lue  of 
a t  zero  a spec t  r a t i o  i s  about 2/7r. This va lue  i s  shown 

on f i g u r e  6 ( a ) ,  and t h e  c o r r e l a t i o n  curves have been f a i r e d  t o  
t h i s  value a t  ze ro  aspec t  r a t i o .  

K~~ E 
KLE 

The approximate range of v a l i d i t y  of t h e  leading-edge f a c t o r  

f o r  d e l t a  wings i s  shown i n  f i g u r e  6 ( b )  a s  obtained from K v ~ ~  
t h e  d a t a  of r e fe rences  2 8  t o  35. The upper l i m i t  of angle  of 

a t t a c k  a t  which t h e  theory  f a i l s  t o  p r e d i c t  t h e  nonl inear  

l i f t  c h a r a c t e r i s t i c s  of sharp-edge d e l t a  wings can be determined 
by vortex bu r s t ing .  A f u r t h e r  d i scuss ion  of t h e  e f f e c t s  of vor tex  

b u r s t i n g  i s  included i n  t h e  concluding remarks of t h i s  r e p o r t .  

On wings with f i n i t e  t i p s ,  t h e  normal f o r c e  induced by a 
pp”r”t& 4-4- L . A p  rrrr.r+--- V u A L - c A  is ’ assi-iiied to be equal iii fi~gi i i tude to t h e  

t i p - suc t ion  f o r c e  f o r  a t tached  p o t e n t i a l  flow (refs. 40 and 62 ) .  
This side-edge, vortex-induced normal f o r c e  can be w r i t t e n  as 

C = Kv s i n 2 a  
Nw (B) , v  SE 
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where KvSE can be computed from t h e  vo r t ex - l a t t i ce  method. The 

side-edge fo rce  d i s t r i b u t i o n  is given by t h e  product of t h e  dens i ty ,  
the pe r tu rba t ion  upwash ve loc i ty ,  and the bound p a r t  of t h e  stream- 
w i s e  v o r t i c i t y  a t  t h e  wing s i d e  edges. 

Ant ic ipa t ing  that  a c o r r e l a t i o n  curve for side-edge vortex 

lift s i m i l a r  t o  f i g u r e  6 ( a )  could be developed f o r  
l a t t i c e ,  l i f t i n g - s u r f a c e  method with leading-edge and side-edge 
suction-force c a l c u l a t i o n  c a p a b i l i t y  w a s  appl ied t o  a series of 
rec tangular  wings (refs.  30, 31, 41 t o  43). Comparisons between 
measured and predic ted  l i f t  c o e f f i c i e n t s  i n d i c a t e  genera l ly  good 
agreement assuming t h a t  a l l  t h e  t h e o r e t i c a l  side-edge suc t ion  is  
converted t o  l i f t  f o r  rec tangular  w i n g s  with aspect r a t i o s  between 

0.1 and 5 (KvsE = 1). 
edge vortex l i f t  i s  a s m a l l  f r a c t i o n  of t h e  p o t e n t i a l  l i f t  and, as 
such, has  l i t t l e  e f f e c t  on the predicted c h a r a c t e r i s t i c s  of rec- 
tangular  wings.  The leading-edge and side-edge suc t ion  c o e f f i c i e n t s  
as predicted by the vor t ex - l a t t i ce  method f o r  rec tangular  wings i n  
incompressible f l o w  are presented i n  f i g u r e  7 ( a ) .  The approximate 
range of v a l i d i t y  of t h e  leading-edge f ac to r s  is 
shown i n  f i g u r e  7 ( b )  as obtained from t h e  d a t a  of references 30, 
31, and 41-43. Some d a t a  on the e f f e c t s  of Mach number and wing 
camber are shown. 

KGsE , a vortex- 

* A t  aspec t  ratios g r e a t e r  than 5,  t h e  s ide-  

KvLE and KvsE 

The v o r t e x - l a t t i c e  method ca l cu la t e s  a spanwise d i s t r i b u t i o n  
of leading-edge suc t ion  and a chordwise d i s t r i b u t i o n  of side-edge 
suct ion.  These r e s u l t s  permit ca l cu la t ion  of t h e  s t r eng ths  and 
la teral  p o s i t i o n s  of any number of vo r t i ce s  used t o  model separa- 
t i o n  from t h e  edges. I n  t h e  following ana lys i s ,  a model i s  shown 
based on t w o  separa t ion  v o r t i c e s  pe r  w i n g  panel.  Its general iza-  
t i o n  t o  many v o r t i c e s  pe r  panel is clear. I f  a wing has  a break 
i n  s w e e p ,  it might be expected t h a t  separat ion v o r t i c e s  would be 

shed from both t h e  inboard sec t ion  and the  outboard sec t ion .  The 

side-edge separa t ion  vortex is assumed to  be conibined with t h e  
leading-edge vortex f r o m  t h e  outboard panel as shown i n  t h e  * * 
sketch on t h e  next  page. The suc t ion  f ac to r s  KvLE and KVSE 
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are incorporated i n t o  t h e  ana lys i s ,  b u t  f o r  wings with pointed 
t i p s ,  t h e  side-edge f a c t o r  KvSE is  zero.  * 

The separa t ion  vortex-induced normal fo rce  on t h e  inboard 
panel i s  

cN = 2Kv * i l(%)dyw 

v1 LE 0 

and t h a t  on t h e  outboard panel is  

= 2K* dYw + 2Kv * JTEtip (cc:sE) dXw ( 2 3 )  
LE SE V 

C 

t i p  s1 XLE Nv, 

Assume t h a t  the a c t u a l  d i s t r i b u t i o n  of shed v o r t i c i t y  is s i m i l a r  
t o  the  t h e o r e t i c a l  one. Then, t h e  inboard vortex la te ra l  p o s i t i o n  
is given by 
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and i t s  s t r eng th  is  

n 

S CN cos(a + 6,) 
1 l.= - 
277-V 877yw 1 v1 

The outboard vortex lateral  pos i t i on  i s  

and i t s  s t r eng th  is  

TI 

- -  S C O S \ &  + awl 
v2 

cN 
- -  2 

1 

277-V 8vw 
2 

The to t a l  separa t ion  vortex-induced force  on the  wing i s  

(25) 

If only one separa t ion  vortex is  shed f r o m  the wing,  i t s  la teral  
pos i t i on  is  given by equation (26) w i t h  s1 = 0, and the s t r eng th  
is given by equation (27) w i t h  CN~, = C N ~ ( ~ )  ,v. 
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The present  predicton method provides no means of p red ic t ing  
t h e  v e r t i c a l  pos i t i on ,  zl, of t h e  separa t ion  vortex a t  t h e  wing 
t r a i l i n g  edge. Examination of d a t a  from references  3 2 ,  44, and 
45, for  var ious d e l t a  wings r e s u l t s  i n  a c o r r e l a t i o n  curve for  
vortex v e r t i c a l  pos i t i on  as a func t ion  of angle  of a t t ack .  These 

da ta  and t h e  c o r r e l a t i o n  are presented i n  f i g u r e  8. I t  i s  seen  
t h a t  the vortex from t h e  lead ing  edge l i e s  approximately one 
quar te r  of t h e  d is tance  between t h e  wing chord plane and t h e  
free-stream d i rec t ion .  

Supersonic flow.- T h e  l i f t i n g - s u r f a c e  method used t o  so lve  
t h e  supersonic case i s  a constant-pressure panel scheme obtained 
from R. Carmichael of t h e  A m e s  Research Center,  NASA. This program 
is  based on t h e  method described i n  references 46 and 47, The 
o r i g i n a l  method has been modified and extended t o  c a l c u l a t e  the 

forces  a c t i n g  i n  t h e  plane of the wing; t h a t  is ,  t h e  leading-edge 
and side-edge suc t ion  forces .  The leading-edge fo rces  are present  
only on  wings with a subsonic leading-edge, and they are i d e n t i c a l l y  
zero on wings w i t h  supersonic edges. The method of c a l c u l a t i n g  the 

leading-edge suc t ion  d i s t r i b u t i o n  is  shown subsequently. 

Boundary conditions:  The supersonic l i f t i n g - s u r f a c e  program 
div ides  t h e  wing i n t o  t r apezo ida l  a r ea  elements. T h e i r  l ead ing  
and t r a i l i n g  edges are swept and t h e i r  s i d e  edges are i n  t h e  
streamwise d i r ec t ion .  To obta in  a t rapezoida l  l i f t i n g  element, 

a planar  semi- inf in i te  t r i a n g l e  with uniform loading i s  used. 
The t rapezoida l  element i s  obtained by a superposi t ion of s e m i -  

i n f i n i t e  t r i a n g l e s ,  each having an apex a t  one of t h e  f o u r  corners  
of t h e  t rapezoida l  element. Each t rapezoida l  l i f t i n g  e lement  i s  
t o  be uniformly loaded. For a given Mach number and angle  of 
a t t ack ,  t h e  loading on each a rea  element i s  computed by s a t i s f y i n g  
a flow tangency condi t ion a t  t h e  con t ro l  po in t .  T h e  con t ro l  po in t  
i s  located a t  the 95-percent s t a t i o n  of the chord through t h e  
centroid of t h e  t rapezoida l  element. The element angle of a t t a c k  
is made up of t h e  geometric flow angle,  the  panel  incidence 
including wing t w i s t  and camber, and any induced flow angles 

caused by t h e  presence of a body o r  vo r t i ce s .  
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P o t e n t i a l  lift: The normal force  on t h e  wing due t o  t h e  
p o t e n t i a l  loading is  determined by summing t h e  normal fo rce  on 
each area element. The normal fo rce  on each element is  simply 
t h e  product of t h e  pressure  d i f f e rence  and t h e  element area. 
wing p i t c h i n g  moment is  computed by summing t h e  cont r ibu t ion  due 
t o  each area element assuming t h e  normal f o r c e  t o  act a t  t h e  
cen t ro id  of t h e  element. 

The 

Since the spanwise d i s t r i b u t i o n  of normal fo rce  i s  known, 
t h e  la teral  p o s i t i o n  of t h e  t r a i l i n g  vortex represent ing  t h i s  
span loading i s  given by t h e  s a m e  expression used i n  t h e  subsonic 
case, equation (15). The s t r eng th  of the  t r a i l i ng -vor t ex  f i lament  
i s  given by equation (16) .  The t r a i l i n g  vortex is assumed t o  be 

shed from t h e  wing t r a i l i n g  edge. 

Vortex lift: Swept wings i n  supersonic flow develop addi- 
t i o n a l  lift due t o  flow separa t ion  along t h e  leading edge i n  t h e  
same manner as i n  subsonic flow so long as t h e  lead ing  edge is 
subsonic. The Polhamus suc t ion  analogy (ref.  1) app l i e s  i n  
supersonic f l o w ,  bu t  spec ia l  means must be used t o  c a l c u l a t e  t h e  
leading-edge suc t ion  d i s t r i b u t i o n .  The l i f t i n g - s u r f a c e  method 
described previously has  been used t o  c a l c u l a t e  t h e  d i s t r i b u t i o n  
of leading-edge and side-edge suc t ion  i n  t h e  following manner. 

The p res su re  loading on each area element i s  replaced by an 
equivalent  bound vortex of s t r eng th  

r c A c p  
V 2 
- = -  (29) 

where c i s  t h e  chord through t h e  centroid of t h e  element. Thus 
an  equiva len t  vor tex  l a t t i c e  i s  constructed t o  represent  t h e  wing 
loading d i s t r i b u t i o n .  The bound port ion of each horseshoe i s  
loca ted  a t  the midchord of t h e  area element w i t h  t h e  t r a i l i n g  
legs extending i n  t h e  s t r e a m w i s e  d i r ec t ion  as shown i n  t h e  
following sketch. 
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Elemental panel 

Horseshoe 1 

Control - 

Horseshoe vo r t  
t r a i l i n g  legs 

I ex 

The suc t ion  fo rces  i n  t h e  xw,yw -plane of t h e  wing can be 

computed i n  the same manner as f o r  subsonic speeds s i n c e  t h e  
c i r c u l a t i o n  s t r eng ths  are known and t h e  induced upwash f i e l d  can 
be ca lcu la ted .  The induced upwash i s  computed from t h e  supersonic 
l i f t i ng - su r face  theory i n  t h i s  case, however. The fo rces  on t h e  
bound vortex f i laments  contained wi th in  one area element are 
w r i t t e n  as 

w1 F X  
4s s v  v 

r 
- = - - -  4s I ( s i n  a + - )  

F 
W 1  

t a n  A ( s i n  a + 7 )  Y l  4s rl - = - -  
qs s v  
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where w1 

w2 
ca l cu la t ed  on each area element and summed t o  obta in  t h e  n e t  
inplane f o r c e s  on any spanwise s t r i p .  
fo rce  on the t r a i l i n g  edges, and s i n c e  the  suc t ion  fo rce  on t h e  
s i d e  edges can be s p e c i f i c a l l y  ca lcu la ted ,  t h e  d i s t r i b u t i o n  of 
leading-edge and side-edge suc t ion  can now be completely determined. 

is  computed a t  t h e  cent ro id  of t h e  area element and 
These fo rces  are i s  computed a t  t h e  a f t ,  outboard corner. 

Since t h e r e  i s  no suc t ion  

The quest ion of how much of the leading-edge and side-edge 
suc t ion  is  converted i n t o  vortex l i f t  a t  supersonic speeds is  
approached i n  t h e  same manner as for the  subsonic speeds. The 
method of re ference  1 w a s  appl ied t o  p red ic t  the p o t e n t i a l  l i f t  

and vortex l i f t  (assuming complete conversion of suc t ion  t o  
vortex l i f t )  f o r  which data are available (refs. 48-50), The 
p o t e n t i a l  l i f t  w a s  predicted by using t h e  t h e o r e t i c a l  CL, from 

l i n e a r  theory and an approximate value obtained from t h e  experi-  
mental data a t  01 = Oo. 
t o t a l  measured lift then g ives  t h e  rea l ized  vortex l i f t .  The 

a c t u a l  vor tex  lift a t t a i n e d  by t h e  wing divided by t h e  maximum 
t h e o r e t i c a l  vortex l i f t  is  t h e  suc t ion  r a t i o ,  

equation (20)  and w a s  obtained f o r  each wing a t  each Mach number. 

The p o t e n t i a l  l i f t  subt rac ted  f r o m  t h e  

K;LE, defined i n  

* The data c o r r e l a t i o n  f o r  t h e  supersonic KvLE are shown i n  

f i g u r e  9 ( a ) .  Only t h e  r e s u l t s  obtained using the t h e o r e t i c a l  CL, 
are presented i n  t h i s  f i g u r e  as t h e r e  was no d i f f e rence  between 
t h e  c o r r e l a t i o n  curve shown he re  and the curve obtained when t h e  

w a s  used. The use of PpR as a c o r r e l a t i n g  experimental 
parameter is  suggested by t h e  f ac t  that the leading-edge suc t ion  
i s  ze ro  fo r  a d e l t a  wing with sonic  leading edges f o r  which 

BpR = 4. The c o r r e l a t i o n  curve of f igure  9 (a) can be used for  
wings o t h e r  than d e l t a  wings, provided t h e  aspec t  r a t i o  used is 
related t o  t h e  leading-edge sweep angle by t h e  expression 

cL, 
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4 

tan %E 
p R =  ( 3 3 )  

This usage assumes t h a t  what occurs on t h e  lead ing  edge i s  not  
influenced by flow everywhere downstream of t h e  lead ing  edge, a 
v a l i d  assumption a t  supersonic speeds. 

* I n  f i gu re  9 ( a )  t h e  curve for  KvLE equal un i ty  has  been 
* included f o r  comparison purposes. The curve f o r  KvLE = 0 i s  

t h e  hor izonta l  axis. The r e s u l t s  of t h e  data can be assessed 
i n  terms of those l i m i t s .  Generally,  t h e  agreement i s  good, 
b u t  several  notable  devia t ions  from c o r r e l a t i o n  are exhibited. 
For i n s t a n c e ,  t h e  data of re ference  48 f o r  f3pR = 2.6 show values  
of Kf,, of 0 and 1. A l s o ,  f o r  f3pR = 2.6  another set of data 

fo r  the same reference  e x h i b i t  s i g n i f i c a n t  dev ia t ion  f r o m  t h e  
cor re la t ion .  Two types of models w e r e  used t o  obta in  t h e  data i n  
reference 48. The first set w a s  a series of t h i n ,  sharp-edge 
del ta  wings. D a t a  on these wings produced t h e  r e s u l t s  which f a l l  
on t h e  KvLE = 1 l i n e .  The o the r  data w e r e  taken on a th i ck ,  
aspect ra t io  1 de l ta  wing with a b l u n t  leading edge. Most of 
t h e s e  data f a l l  below t h e  c o r r e l a t i o n  curve. As w a s  also seen 
i n  t h e  subsonic co r re l a t ions ,  leading-edge b luntness  f o r  t h i c k  
wings can have an  e f f e c t  on vortex l i f t  a t  supersonic speeds. 

* 

A c o r r e l a t i o n  of data f o r  side-edge suc t ion  could not  be 

made f o r  supersonic f l o w  because of t h e  lack  of data .  Since t h e  
subsonic r e s u l t s  i n d i c a t e  f u l l  conversion of side-edge suc t ion  
t o  l i f t ,  and s ince  no reason i s  known t h a t  t h i s  r e s u l t  should be 

changed by Mach nuniber f o r  s t r e a m w i s e  edges, it i s  recommended 
t h a t  KvsE = 1 be used. 

* 

The approximate range of v a l i d i t y  of t h e  leading-edge f a c t o r  
is siiowii i n  figure 9(bj as obtained from t h e  data i n  r e fe r -  T I  

n v ~ ~  
ence 49. These d a t a  are t h e  only supersonic del ta  w i n g  data 
ava i l ab le  a t  angles of a t t a c k  above t h e  range of v a l i d i t y  of 
t h e  supersonic method. 



-37- 

I n  supersonic f l o w ,  t h e  s t r eng th  and la te ra l  pos i t i on  of t h e  
separa t ion  v o r t i c e s  are found f r o m  t h e  same expressions derived 

f o r  subsonic flow. The correlation curve i n  f i g u r e  8 f o r  v e r t i c a l  
p o s i t i o n  must also be used i n  supersonic flow because of t h e  lack  
of good vor tex  loca t ion  experiments a t  high speeds. 

Body i n  Presence of Wing 

The normal f o r c e  on t h e  body i n  the presence of t h e  wing is 
due t o  the carryover  of loading from t h e  wing t o  t h e  body. 

body fo rce  can be ca lcu la ted  us ing  a s implif ied vortex model 
described i n  references 2 and 51. Charts ( r e f .  2) and tables 
(ref.  51) are a v a i l a b l e  f o r  rapid ca lcu la t ion  of t h e  body normal 
force. This method b a s i c a l l y  replaces  t h e  wing-body combination 
with a pair of horseshoe vo r t i ce s ,  t he  s t r eng th  (rt) of which is 
computed i n  t h e  previous sec t ion .  The t r a i l i ng -vor t ex  f i lament  
is located a t  yt given by equation (15). The horseshoe vortex 
model r equ i r e s  t h a t  an  image of t h e  t r a i l i n g  f i lament  be located 
a t  a2/yt as shown i n  t h e  following sketch. 

The 

m 
- Y  

The load on t h e  body is  represented by the length  of t h e  l i f t i n g  
l i n e  i n s i d e  t h e  body. Thus, 
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The load carried by t h e  body due t o  t h e  vortex l i f t  on t h e  
wing can be ca lcu la ted  i n  t h e  preceding manner (even though t h e  

vortex is  not i n  t h e  plane of t h e  wing) using t h e  s t rength  rl, 
and t h e  l a t e r a l  pos i t ion  of t h e  t r a i l i n g  f i lament ,  y, as obtained 
from equations (27) and (26), respect ively.  The vortex is  located 
o f f  t h e  wing a t  a pos i t i on  

o1 = y, + i z ,  (35) 

as shown i n  t h e  following sketch, 

The normal force  on the  body due t o  t h e  add i t iona l  l i f t  on t h e  
wing caused by leading-edge separat ion is  

For purposes of computing t h e  pitching-moment cont r ibu t ion  
of these  body forces  i n  subsonic f l o w ,  t h e  assumption is  made 
t h a t  t h e  viscous p a r t  of t h e  normal force  on t h e  body i n  t h e  
presence of t h e  wing has  t h e  same a x i a l  l oca t ion  of t h e  center 
of pressure as does t h e  p o t e n t i a l  p a r t  of t h e  normal force.  
This assumption i s  based on t h e  approximation t h a t  t h e  center  of 
pressure of t h e  loading carried over onto t h e  body from t h e  wing 
is  not  s ens i t i ve  t o  t h e  d i s t r i b u t i o n  of wing loading. 
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Equations (34) and ( 3 6 )  a r e  used fo r  t h e  subsonic ca lcu la t ions .  
I n  supersonic flow, t h e  force  on t h e  body i n  t h e  presence of t h e  
wing i s  obtained from t h e  method of reference 2. The same f a c t o r  
used t o  obta in  t h e  p o t e n t i a l  body l i f t  is a l s o  used t o  determine 
t h e  por t ion  of leading-edge and side-edge vortex l i f t  ca r r i ed  
over onto t h e  body. The cen te r  of pressure of t h e  l i f t  on t h e  
body i n  t h e  presence of a wing i n  supersonic flow i s  a l s o  obtained 
from t h e  methods described i n  reference 2. 

Afterbody 

A loading on t h e  p a r t  of t h e  body located between t h e  wing 
t r a i l i n g  edge and t h e  t a i l  leading edge is associated with t h e  
presence of t h e  f r e e  vo r t i ce s  i n  t h e  flow f i e l d .  A t  t h i s  point ,  
t h e  free vortex f i e l d  can be made up of a p a i r  of body vor t i ce s  

shed from t h e  nose, a p a i r  of t r a i l i n g  vo r t i ce s  represent ing t h e  
p o t e n t i a l  l i f t  on t h e  wing, and one or more p a i r s  of separat ion 
v o r t i c e s  represent ing t h e  vortex l i f t  on t h e  wing. 
of a l l  t hese  mutually i n t e r a c t i n g  vor t ices  is  ca lcu la ted  over t h e  
afterbody length; therefore ,  t h e  induced normal fo rce  due t o  each 
vortex can be computed using t h e  vortex impulse theorem of re fer -  
ence 24. 
using equation ( 7 ) .  Doing t h i s  ca lcu la t ion  i n  stepwise fashion 
along t h e  afterbody gives  a d i s t r i b u t i o n  of normal force  which 
can be used t o  c a l c u l a t e  center  of pressure.  

The t r a j e c t o r i e s  

Thus, t h e  normal fo rce  on t h e  afterbody, C N ~ ,  is  computed 

T a i l  i n  Presence of Body 

The t a i l  of wing-body-tail configuration i s  a l i f t i n g  sur face ,  
and it is  handled using t h e  same techniques described above f o r  
t h e  wing. The only d i f fe rence  between the t a i l  and wing i n  t h e  
ca l cu la t ions  i s  t h e  d i f f e r e n t  pos i t ions  i n  t h e  flow f i e l d .  Where 
t h e  wing has  only a p a i r  of body vor t ices  i n t e r f e r r i n g  on it, 
t h e  t a i l  is af fec ted  by t h e  same p a i r  of body vor t i ce s  p lus  a l l  
t h e  v o r t i c i t y  shed from t h e  wing. 
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The presence of many f r e e  vo r t i ce s ,  mutually i n t e r a c t i n g  with 
each other and t h e  configurat ion leads t o  c e r t a i n  problems i n  t h e  
in te r fe rence  ca lcu la t ions .  I n  t h e  t r a j e c t o r y  ca l cu la t ions  one o r  
more vor t ices  may pass very c lose  t o  t h e  t a i l  surface.  When t h i s  
occurs,  t h e  p o t e n t i a l  model of t h e  vortex y i e l d s  l a r g e  v e l o c i t i e s  
a t  nearby cont ro l  po in ts  which cause l o c a l l y  u n r e a l i s t i c  t a i l  
loadings.  
present  inves t iga t ion  occurred when a t r a i l i n g  vortex passed very 
near the t a i l  sur face  on t h e  inboard side of a r o w  of con t ro l  
po in ts .  A s m a l l  change i n  angle of a t t ack  a l t e r s  t h e  t r a j e c t o r y  
s l i g h t l y  such t h a t  the  same vortexnowpasses  near the  t a i l  surface 
and on t h e  outboard s i d e  of t h e  same row of cont ro l  points .  
Control po in t s  on t h e  t a i l  near a vortex can experience a com- 
p l e t e  reversa l  of t h e  sense of t h e  l a r g e  induced upwash and a 
s i m i l a r  change i n  t h e  character  of t h e  loading. This problem 
i s  inherent with t h e  use of d i s c r e t e  cont ro l  po in t s  f o r  s a t i s f y i n g  
boundary condi t ions and t h e  use of p o t e n t i a l  flow models of 
vo r t i ce s  which are s ingular  a t  t h e i r  center. 

A n  example of t h e  type of problem which arose i n  t h e  

The problem can be solved through t h e  use of a viscous model 
of a vortex with a f i n i t e  core,  b u t  t h i s  so lu t ion  w a s  not used i n  
t h e  present inves t iga t ion .  An a l t e r n a t e  scheme i s  t o  a r b i t r a r i l y  
l i m i t  t he  m a x i m u m  angle of a t t ack  induced by a vortex on t h e  
grounds of l o c a l  s ta l l .  An a r b i t r a r y  l i m i t  on t h e  m a x i m u m  induced 
ve loc i ty  from a p o t e n t i a l  vortex r e s u l t s  in- a vortex t angen t i a l  
ve loc i ty  p r o f i l e  of t h e  type shown i n  t h e  following sketch. The 

Po ten t i a l  vortex I \J- 
I \  

r 
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use of t h i s  t ype  of correction is  discussed i n  connection with 

t h e  comparisons with data. 

Body i n  Presence of T a i l  

The normal force and cen te r  of pressure on t h e  body i n  t h e  
presence of t h e  t a i l  i s  ca lcu la ted  i n  the same fashion as f o r  t h e  
body i n  t h e  presence of t h e  wing. 

RESULTS 

I n  t h i s  sec t ion ,  predictions made by var ious elements of t h e  
method are compared with experimental r e s u l t s  where possible .  
Also, pred ic t ions  of t h e  method are compared w i t h  experimental 
r e s u l t s  f o r  complete a i r c r a f t  configurat ions of var ious types.  
Some l i m i t a t i o n s  of t h e  predicton method are discussed i n  l i g h t  
of t h e  data comparisons, and general  r u l e s  are set up f o r  t h e  
use of t h e  method. 

Wing Alone 

Subsonic f low.-  The subsonic vor tex- la t t ice ,  l i f t i n g - s u r f a c e  
method has  been appl ied t o  a number of wing-alone conf igura t ions  
f o r  which experimental data are avai lable .  I n  p a r t i c u l a r ,  t h e  
method has  been used t o  p r e d i c t  t h e  aerodynamic c h a r a c t e r i s t i c s  
of d e l t a  wings which e x h i b i t  both po ten t i a l  l i f t  and leading-edge 
separation,vortex-induced l i f t .  Some representa t ive  r e s u l t s  are 
presented i n  f i g u r e  10 f o r  sharp-edged delta wings. I n  f i g u r e  l O ( a )  
t h e  measured and predic ted  l i f t  and pitching-moment c o e f f i c i e n t s  
of an aspect r a t i o  1.07 delta wing are compared up t o  t h e  angle  
of a t t a c k  f o r  which t h e  wing s ta l ls .  Above loo angle  of a t t a c k ,  
t h e  vor tex  l i f t  con t r ibu te s  a subs t an t i a l  amount t o  t h e  t o t a l  
l i f t  of t h e  wing; and a t  300 angle  of a t tack ,  t h e  vortex l i f t  i s  
greater than t h e  p o t e n t i a l  l i f t .  The f u l l  amount of pred ic ted  
leading-edge suc t ion  i s  assumed converted t o  vortex l i f t  through 
t h e  Polhamus analogy and t h e  agreement between experiment and 

theory  is  exce l l en t  up t o  t h e  po in t  of wing s t a l l .  
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The p red ic t ions  and t h e  da t a  f o r  pitching-moment c o e f f i c i e n t s  
a r e  i n  good agreement u n t i l  t h e  vortex l i f t  i s  approximately one 
h a l f  the p o t e n t i a l  l i f t .  
predicted p i t ch ing  moment becomes more negative.  
t h e  p o t e n t i a l  lift t o  act  a t  t h e  t h e o r e t i c a l  cen te r  of pressure  
given by t h e  l i f t i n g - s u r f a c e  theory,  the p i t ch ing  moment a t  
a = 300 can be brought i n t o  agreement with experiment with a 

forward s h i f t  of 10 percent  of t h e  mean aerodynamic chord i n  t h e  
predicted cen te r  of pressure  of t h e  vor tex  l i f t .  

A s  t h e  angle  of a t t a c k  increases ,  t h e  
I f  w e  assume 

S i m i l a r  comparisons f o r  an aspec t  r a t io  2.31 d e l t a  wing are 
shown i n  f i g u r e  1 0 ( b ) .  According t o  t h e  c o r r e l a t i o n  curve i n  
f i g u r e  6 ( a ) ,  a sharp-edged d e l t a  wing of t h i s  aspec t  r a t io  con- 
v e r t s  approximately 55 percent  of i t s  leading-edge suc t ion  t o  
vortex l i f t .  The comparisons with experiment i n  f i g u r e  10(b)  
i nd ica t e  t h e  predicted l i f t  curve with t h e  l imi t ed  vortex lift 

t o  be i n  good agreement w i t h  t h e  da ta .  I t  should be pointed out  
t h a t  the r e s u l t s  i n  t h i s  figure are included i n  t h e  subsonic 
co r re l a t ion  curves i n  f i g u r e  6. The pitching-moment d a t a  f o r  
t h i s  higher aspect  r a t i o  d e l t a  wing appear s i m i l i a r  t o  t h a t  f o r  
t h e  lower aspec t  r a t i o  wing. There i s  a tendency f o r  a forward 
s h i f t  i n  t h e  cen te r  of pressure  with increase  i n  angle of a t t a c k  
not accounted fo r  by the  theory. 

The predicted leading-edge suc t ion  d i s t r i b u t i o n  f o r  t h e  two 
d e l t a  wings discussed above are presented i n  f i g u r e  11 f o r  both  
wings a t  20° angle of a t t ack .  The value of ccs/2b increases  
i n  magnitude as aspect  ra t io  decreases,and t h e  m a x i m u m  s e c t i o n  
suct ion c o e f f i c i e n t  occurs more outboard on t h e  wing a t  t h e  
l o w e r  aspect  ratios.  The s u c t i o n  d i s t r i b u t i o n  reduced by t h e  
co r re l a t ion  f a c t o r  i s  a l s o  shown i n  t h i s  f i gu re .  

Based on t h e  pred ic ted  leading-edge suc t ion  d i s t r i b u t i o n ,  
the s t rength  and pos i t i on  of the separa t ion  vortex shed from t h e  
leading edge is ca lcu la ted  using equations (25) and (26 ) ,  
respect ively.  N o  d a t a  on vortex s t r eng th  are ava i l ab le ,  b u t  a 
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number of observations of t he  posi t ion of t h e  separat ion vortex 
have been made ( r e f s .  32, 44, 45, and 52) -  The predicted l a t e r a l  
pos i t i on  of t h e  leading-edge separation vortex i s  compared with 
experimentally observed pos i t ions  on several  aspect  r a t i o  1.0 

delta wings. The comparison is  shown i n  f i g u r e  1 2  f o r  an angle 
of a t t ack  of 150, and t h e  predicted l a t e r a l  pos i t ions  are i n  good 
agreement with t h e  observed pos i t ions  f o r  t h e  sharp-edged wings. 
I t  i s  i n t e r e s t i n g  t o  note from t h e  experimental r e s u l t s  t h a t  as 
t h e  wing g e t s  th inner  and the  leading edge gets sharper,  t he  
vortex moves inboard. The predicted r e s u l t s ,  which correspond 
i n  p r i n c i p l e  t o  a f l a t  wing with no thickness,  l i e  along t h e  
inboard s i d e  of t h e  experimental r e s u l t s  and may represent t h e  
l i m i t i n g  case. 

The above predic t ion  method f o r  the  vortex l a t e r a l  pos i t ion ,  
coupled with t h e  data co r re l a t ion  on vertical pos i t i on  i n  f ig -  
ure  8 ,  i s  t h e  basis f o r  pred ic t ing  the separation-vortex pos i t i on  
a t  t h e  wing t r a i l i n g  edge. 

Supersonic flow.- The supersonic l i f t i ng - su r face  method was 
used t o  p red ic t  t h e  c h a r a c t e r i s t i c s  of an aspect  r a t i o  1.0,  

sharp-edged delta wing alone ( r e f .  49) a t  Mach nwnbers of 1.96 
t o  3.30. The vortex l i f t  is specif ied by t h e  KvLE f a c t o r  from 
t h e  co r re l a t ion  curve i n  f igu re  9(a) .  The r e s u l t s  a r e  shown i n  
f i g u r e  13 f o r  l i f t  coe f f i c i en t  versus angle of a t t ack  only, as 
no pitching-moment da t a  a r e  ava i lab le  f o r  t h i s  wing. Three 
curves are shown f o r  each Mach number. One curve represents  t h e  
p o t e n t i a l  l i f t  alone with no augmentation due t o  vortex l i f t .  
A second dashed curve represents  t he  po ten t i a l  l i f t  plus t h e  
f u l l  amount of predicted leading-edge suct ion converted t o  vortex 
l i f t ,  and t h e  t h i r d  curve represents  the  p o t e n t i a l  l i f t  p lus  t h e  
co r re l a t ed  vortex l i f t .  

* 

A t  t h e  lowest Mach number (M = 1.96),  t h e  predicted l i f t  
curve, taken as t h e  p o t e n t i a l  p lus  l imi ted  vortex l i f t ,  i s  i n  
good agreement with experiment up t o  about 20° angle of a t tack .  
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Above 20°, t h e  measured l i f t  curve drops O f f  m o r e  r ap id ly  than 
t h e  predicted curve. The r e s u l t s  f o r  the intermediate  Mach 
number (M = 2.43) show the predic ted  l i f t  curve t o  be i n  f a i r  
agreement with t h e  measured lift a t  20° angle  of a t t ack .  
appears t h a t  t h e  vortex l i f t  f a c t o r ,  K:, is  s l i g h t l y  l a r g e  f o r  
t h i s  wing as less  leading-edge suc t ion  i s  being converted t o  
l i f t  than i s  an t i c ipa t ed  by t h e  c o r r e l a t i o n  curve i n  f i g u r e  9 ( a ) .  
The opposite condi t ion p r e v a i l s  for  t h e  h ighes t  Mach number 
(M = 3.30) for  which s l i g h t l y  more leading-edge suc t ion  i s  
converted t o  vortex l i f t  than is  indica ted  by t h e  c o r r e l a t i o n  
curve. For t h e  two h igher  Mach numbers, t h e  error i n  p red ic t ing  
t h e  vortex l i f t  i s  such t h a t  t h e  t o t a l  l i f t  is  predicted wi th in  
10 percent up t o  25O angle o f  a t t ack .  

It  

The leading-edge suc t ion  d i s t r i b u t i o n  on an aspec t  r a t i o  1 
d e l t a  wing i s  computed from conica l  theory which gives  a l i n e a r  
spanwise d i s t r i b u t i o n .  This r e s u l t  i s  shown as a dashed l i n e  i n  
f i g u r e  14. The leading-edge suc t ion  c o e f f i c i e n t s  obtained f r o m  
t h e  supersonic l i f t i n g - s u r f a c e  method are shown as symbols i n  t h e  
same f igure .  The l i f t i n g - s u r f a c e  method of p r e d i c t i n g  leading- 
edge suct ion c o e f f i c i e n t  produces r e s u l t s  which agree w e l l  wi th  
conica l  theory on t h e  inboard po r t ion  of t h e  wing, b u t  tend t o  
be g r e a t e r  than t h e  conical  theory near t h e  wing t ip .  However, 
t h e  t o t a l  suc t ion  fo rce  on t h e  lead ing  edge i s  near ly  t h e  same 
whether computed by conica l  theory o r  t h e  l i f t i n g - s u r f a c e  method. 

The effect of l a t t i c e  s i z e  and d i s t r i b u t i o n  on t h e  leading- 
edge suct ion i s  i l l u s t r a t e d  i n  t h i s  s a m e  f i g u r e  by t h e  d i f f e r e n t  
symbols. The f i r s t  number i s  t h e  number of chordwise rows and 
t h e  second number i s  the number of spanwise columns. For a f ixed  
chordwise number of l a t t i c e  panels ,  t h e  suc t ion  d i s t r i b u t i o n  
approaches a l i n e a r  d i s t r i b u t i o n  as t h e  number of spanwise 
pane ls  is increased. Increasing t h e  chordwise number of panels  
tends  t o  raise t h e  l e v e l  of t h e  suc t ion  c o e f f i c i e n t .  These 

r e s u l t s  i n d i c a t e  t ha t  t h e  l i f t i n g - s u r f a c e  technique f o r  computing 
leading-edge suc t ion  on a wing alone i s  i n  good agreement w i t h  
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conica l  theory and should be a reasonable method for  computing 
leading-edge suc t ion  on wings with in te r fe rence .  Addit ional  
accuracy should be obtained by p u t t i n g  t h e  panels  more c l o s e l y  
spaced a t  t h e  t ip .  

The leading-edge, separation-vortex s t r eng th  and la te ra l  
pos i t i on  are computed for  supersonic speeds i n  t h e  same manner 
as for  subsonic speeds. The predicted la te ra l  posi t ion on an 
aspect r a t io  1 del ta  wing is  shown i n  f i g u r e  15. 
vortex p o s i t i o n s  are not ava i l ab le  f o r  comparison purposes, b u t  
comparing t h e  supersonic vortex pos i t ions  i n  f i g u r e  15  with the 
subsonic r e s u l t s  i n  f i g u r e  1 2  show that t h e  sepa ra t ion  vortex i n  
t h e  supersonic case l ies  somewhat f u r t h e r  outboard than t h e  
vortex i n  t h e  subsonic case on t h e  same shape wing. 
pos i t i on  i n  supersonic flow i s  near ly  independent of Mach number 
as t h e  ca l cu la t ed  d i f f e rence  between M = 1.96 and M = 3.30 i s  
less than 2 percent  of t h e  semispan of t h e  wing. 

Experimental 

The vor tex  

Vortex Tra j ec to r i e s  

The pos i t i ons  and s t r eng ths  a t  t h e  t r a i l i n g  edge of t h e  
wing of v o r t i c e s  shed from t h e  leading edges can be obtained by 
methods a l ready  described. 
t r a i l i n g  vortex represent ing  t h e  w i n g  p o t e n t i a l  l i f t  i s  known 
from l i f t i n g - l i n e  theory. Thus, a t  t h e  wing t r a i l i n g  edge, w e  
have a model of t h e  e n t i r e  wing shed vortex system. T h i s  model 
suppl ies  t h e  i n i t i a l  condi t ions f o r  t h e  c a l c u l a t i o n  of t h e  tra- 
j e c t o r i e s  of t h e s e  v o r t i c e s  as described i n  a previous sec t ion  
and Appendix A. 

The pos i t i on  and s t r eng th  of t h e  

A number of unpublished vapor screen p i c t u r e s  of a canard- 
body-wing conf igura t ion  ( ref .  53) a t  both subsonic and supersonic 

speeds w e r e  obtained from t h e  NASA/Arnes Research Center. Many 
of t h e s e  p i c t u r e s  showed t h e  core of the  canard vortex system i n  
i t s  t r a j e c t o r y  past t h e  body and wing. 
jectories are compared with t h e o r e t i c a l l y  determined t r a j e c t o r i e s  

i n  f i g u r e  16. 

These experimental tra- 
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Figures 1 6 ( a ) ,  (b) ,  and (c) correspond t o  t h e  conf igura t ion  
a t  subsonic speeds ( M  = 0.8). Par ts  (a) and (b) are f o r  t h e  
model a t  l o o  and 18O angle of  a t t a c k ,  respec t ive ly ,  with t h e  
canard undeflected. Two v o r t i c e s ,  shown dashed, are shed from 
t h e  canard. The l a r g e s t  is  the t r a i l i n g  vortex,  rt, represent ing  
t h e  canard p o t e n t i a l  l i f t ,  and t h e  o the r  vortex i s  t h e  canard 
leading-edge separa t ion  vortex.  These v o r t i c e s  s p i r a l  around 
each o the r  a s  they move downstream p a s t  t h e  wing. 
t r a j e c t o r i e s  i n  t hese  t w o  cases f a l l  q u i t e  near  t h e  vortex tra- 
j ec to ry  observed experimentally. 
two vor t i ce s  i n t o  each o the r  could account for t h e  appearance of 
a s i n g l e  vortex i n  t h e  data. 

The predic ted  

The poss ib l e  d i f f u s i o n  of t h e s e  

I n  f i g u r e  1 6 ( c ) ,  t h e  canard is  deflected l o o  and t h e  e n t i r e  
configurat ion i s  a t  l o o  angle  of a t t ack .  
s p i r a l  around each o the r  u n t i l  they reach t h e  wing leading  edge, 

a t  which poin t  they are separated by t h e  wing a n d t h e t r a i l i n g v o r t e x  
passes beneath t h e  wing and moves downward and inboard while the 
separa t ion  vortex moves over t h e  wing and s l i g h t l y  outboard. The 
la te ra l  pos i t i on  of t h e  separa t ion  vortex is  i n  reasonable agree- 
ment with t h e  experimental t r a j e c t o r y ,  b u t  t h e  v e r t i c a l  pos i t i on  
is  much l o w e r  everywhere for  unknown reasons. The o v e r a l l  agree- 
ment between t h e  pred ic ted  and a c t u a l  vortex trajectories i n  t h i s  
case i s  not good. Combining rl a n d r t  atthetrailingedgemighthelp. 

The canard v o r t i c e s  

The r e s u l t s  for  t h e  same configurat ion a t  supersonic speeds 
(M = 1.3) a r e  shown i n  f i g u r e s  16(d)  and ( e ) .  I n  t h e  f i r s t  of 
these f igu res ,  t h e  canard is  undeflected and t h e  conf igura t ion  
i s  a t  5O angle of a t t ack .  
canard vo r t i ce s  is  i n  very close agreement with t h a t  observed 
experimentally, b u t  t h e  predicted v e r t i c a l  p o s i t i o n  i s  beneath 
t h e  a c t u a l  loca t ion .  I n  figure 1 6 ( e ) ,  t h e  canard is  def lec ted  
l o 0  and t h e  conf igura t ion  is  a t  Oo angle  of a t t ack .  
predicted trajectories pass under t h e  wing while experimental 
vo r t i ce s  are observed t o  be above t h e  wing. 

The predicted l a t e ra l  p o s i t i o n  of t h e  

The 
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The above r e s u l t s  f o r  t h e  canard vortex t r a j e c t o r y  ca l cu la t ions  
show genera l ly  good agreement with data  f o r  l a t e r a l  pos i t i ons  b u t  
t h e  pred ic ted  v e r t i c a l  pos i t i ons  a r e  o f t en  lower than t h e  observed 
pos i t ions .  The wing thickness  e f f e c t s  a r e  not included i n  t h e  
t r a j e c t o r y  ca lcu la t ions .  
pos i t i ons  are too  low f o r  t h e  two cases with canards def lected.  
I n  the case of f i g u r e  1 6 ( c ) ,  t h i s  e f f e c t  seems t o  be an i n i t i a l  
condi t ion problem i n  t h a t  t h e  vo r t i ce s  s t a r t  too  low. Possibly 
the shed separat ion vortex is higher  than t h e  c o r r e l a t i o n  curves 
i n d i c a t e  and t h e  t r a i l i n g  vortex is  not leaving t h e  canard a t  t h e  
t r a i l i n g  edge. Further  d e t a i l e d  measurements of vortex t r a j e c t o r i e s  
need t o  be made t o  answer these  and other  questions more prec ise ly .  

I t  appears t h a t  t h e  predicted v e r t i c a l  

Complete Configurations 

Subsonic flow.- The a b i l i t y  of the subsonic pred ic t ion  method 
t o  compute t h e  s ta t ic  longi tudina l  aerodynamic c h a r a c t e r i s t i c s  of 
a complete a i r c r a f t  configurat ion with in te r fe rence  between t h e  
var ious components is  i l l u s t r a t e d  i n  f igu re  17. I n  t h e  f igu re ,  
t h e  experimental r e s u l t s  on a canard-body-wing configurat ion 
( r e f .  54) i n  incompressible flow, M = 0.1, are compared with 
predicted characteristics. The r e s u l t s  a r e  compared f o r  var ious 
s tages  of i n t e r f e rence  e f f e c t s ;  t h a t  is, canard o f f ,  canard on, 
and canard def lec ted .  I n  each comparison, t w o  sets of theoret-  
i c a l  r e s u l t s  are presented. The f i rs t  is  t h e  l i n e a r  so lu t ion  
from reference 2 ,  and the  second is  the  present  method which 
includes vortex l i f t  and vortex in te r fe rence  e f f e c t s .  

I n  t h e  comparisons between da ta  and t h e  theory of reference 2 

it should be borne i n  mind t h a t  t h e  theory of reference 2 i s  
genera l ly  v a l i d  only up t o  loo angle of a t t ack  o r  less f o r  very 
low aspect  r a t i o  wings. I n  c e r t a i n  cases t h e  da t a  exh ib i t  l i n e a r  
behavior as a func t ion  of a f o r  angles of a t t ack  much g r e a t e r  
than loo. However, s ince  t h e  theory of reference 2 does not make 
any p red ic t ion  concerning t h e  s i z e  of t h e  non l inea r i t i e s ,  it does 
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not pred ic t  when t h e  behavior w i l l  be approximately l i n e a r  a t  
high angles of a t tack .  
r e s u l t s  beyond 01 = l o o  even i f  they are l i n e a r .  For t h i s  

reason t h e  curves based on re ference  2 are terminated a t  about 

I t  can t h e r e f o r e  not  be sa id  t o  p r e d i c t  

CY, = 100, 

The l i f t  and pitching-moment c h a r a c t e r i s t i c s  of t h e  configu- 
r a t i o n  with t h e  canard removed are compared i n  f i g u r e  17 (a ) .  The 
wing leading-edge vortex l i f t  is l imi ted  by t h e  f a c t o r  from f i g -  

u r e  6 ( a ) ,  and t h e  predicted l i f t  curve from t h e  l i f t i n g - s u r f a c e  
method i s  i n  good agreement up t o  24O angle of a t t ack .  
l i n e a r  l i f t  r e s u l t s  are lower than t h e  data because of t h e  vortex 
l i f t ,  The pitching-moment comparisons i n d i c a t e  some inaccuracy 
i n  pred ic t ing  t h e  wing cen te r  of pressure  with the 

method. The predicted cen te r  of pressure  i s  t o o  f a r  a f t  r e s u l t i n g  
i n  too  much negative moment. The l i n e a r  r e s u l t s  are i n  better 
agreement with experiment a t  low angles  of a t t ack .  

The 

present  

Par t  (b) of f i g u r e  17  is  f o r  t h e  complete conf igura t ion  with 
t h e  canard undeflected.  The l i n e a r  p red ic t ion  method underestimates 
the l i f t  c o e f f i c i e n t ,  b u t  it does p r e d i c t  t h e  correct t rend  i n  t h e  
pitching-moment comparisons. The l i f t i n g - s u r f a c e  method w i t h  

l imi ted  vortex lift on both t h e  canard (KCLE = 0.53) and wing 

over the e n t i r e  angle-of-attack range f o r  which da ta  are ava i lab le .  
The pitching-moment curve, including some of t h e  n o n l i n e a r i t i e s  
exhibi ted by t h e  data ,  i s  i n  good agreement over t h e  f u l l  range 
of l i f t  coe f f i c i en t s .  

= 0.41) i s  i n  good agreement with t h e  measured l i f t  curve ( K k E  

Figure 1 7 ( c )  corresponds t o  t h e  complete conf igura t ion  with 
the canard def lec ted  loo. As i n  previous r e s u l t s ,  t h e  l i n e a r  
r e s u l t s  underpredict  t h e  l i f t  c o e f f i c i e n t  over t h e  e n t i r e  angle- 
of-attack range. *The linear- pitching-mmient results show the 
proper t r end ,  b u t  t h e r e  appears t o  be a disagreement i n  t h e  
center-of-pressure loca t ion  predic ted  by t h i s  method. 
l i n e a r  r e s u l t s  from t h e  subsonic l i f t i n g - s u r f a c e  method show 

The non- 
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good agreement with experiment over t h e  t o t a l  range of angle of 
a t t a c k  with the exception of t h e  region around 
th i s  po in t  t h e r e  appears t o  be a d i scon t inu i ty  i n  t h e  l i f t  curve 
and t h e  corresponding moment curve. Examination of t h e  detai ls  
of the p red ic t ion  method i n  t h i s  area i n d i c a t e  t h a t  one of t h e  
canard v o r t i c e s  switches f r o m  passing under t h e  wing t o  passing 
over t h e  wing. During t h i s  t r a n s i t i o n ,  the vor tex  passes very 
near t o  t h e  wing and t o  some of t h e  cont ro l  p o i n t s  i n  t h e  vortex 
la t t ice .  The large induced downwash causes a loss i n  wing  loading 
which causes t h e  d i p  shown i n  t h e  f igure.  The pitching-moment 
curve behaves e r r a t i c a l l y  i n  t h i s  region because of t h e  large 
f l u c t u a t i o n s  i n  t h e  wing loading. This behavior w a s  discussed 
i n  a previous sec t ion .  

01 = 8O. N e a r  

Since t h e  loading changes are caused by large and u n r e a l i s t i c  
changes i n  t h e  vortex-induced v e l o c i t i e s  on t h e  wing con t ro l  
po in t s ,  a simple remedy i s  t o  l i m i t  t h e  magnitude of  t h e  induced 
v e l o c i t i e s .  The vortex model i s  tha t  of a p o t e n t i a l  vortex which 
has a s i n g u l a r i t y  a t  i t s  cen te r ,  thus,  a vortex coming close t o  
a con t ro l  po in t  can induce i n d e f i n i t e l y  l a r g e  v e l o c i t i e s  a t  that  

poin t .  As described i n  an earlier sect ion,  a s i m p l e  and approxi- 
m a t e  improvement i n  t h e  vortex model i s  t o  not  l e t  t h e  induced 
v e l o c i t y  a t  any po in t  exceed s o m e  a r b i t r a r y  magnitude. This has  
the e f f e c t  of smoothing out  any loading i r r e g u l a r i t i e s  associated 
with a vor tex  approaching t o o  near a control  po in t .  The smoothed 

t h e o r e t i c a l  curves i n  f i g u r e  1 7 ( c )  were obtained using t h e  
assumption t h a t  none of t h e  vortex-induced v e l o c i t i e s  could 
exceed 0.1, The change improved the r e s u l t s  considerably.  There 
i s  s t i l l  a s m a l l  d i p  i n  t h e  lift curve caused by t h e  vortex passing 
near  the wing, b u t  t h e  cha rac t e r  of t h e  d i p  i s  smoothed out  and 
agreement w i t h  experiment is good over t h e  e n t i r e  angle-of-attack 
range. The predic ted  pitching-moment c o e f f i c i e n t s  are somewhat 

~. ~~~~ ~ 

(1)When t h e  vortex i s  very c l o s e  t o  the  wing, it moves rap id ly  
l a t e r a l l y .  This motion induces loading on t h e  wing which 
would have t o  be accounted f o r  i n  a m o r e  p r e c i s e  ana lys i s  
than  t h e  present  one. 
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more s e n s i t i v e  t o  vortex i n t e r f e r e n c e  as t h e  moment curves show 
l a r g e r  e f f e c t s  than do t h e  l i f t  curves.  
causes changes i n  t h e  d i s t r i b u t i o n  of t h e  loading on t h e  wing and 
thus  changes t h e  center-of-pressure loca t ion .  The n e t  lift on 
t h e  wing may not  be changed appreciably,  b u t  a s m a l l  change i n  
cen te r  of pressure  can have l a r g e  e f f e c t s  on the pitching-moment 
coe f f i c i en t .  As t h e  angle  of a t t a c k  increases ,  t h e  t r a i l i n g  
v o r t i c e s  move f a r t h e r  from t h e  wing and t h e  induced v e l o c i t i e s  
get smaller. Thus, t h e  l i m i t a t i o n  on the induced v e l o c i t i e s  has  
smaller and smaller e f f e c t  and t h e  pred ic ted  curves with and 
without the  l i m i t  should approach one another  as they do. 

Vortex i n t e r f e r e n c e  

The compress ib i l i ty  e f f e c t s  i n  the subsonic l i f t i n g - s u r f a c e  
method havebeentestedbyapplyingthepredictionmethodto awing-body 
configurat ion a t  high subsonic Mach numbers. The conf igura t ion  
considered i s  an aspec t  r a t io  2 diamond-shaped wing with a simple 
body-of-revolution fuse lage  ( r e f .  5 5 ) -  The vor tex  l i f t  on t h i s  
wing w a s  l i m i t e d  through t h e  use of the K, f a c t o r  for  a del ta  

wing with the same leading-edge sweep angle. N o t e  that  t h e  KvLE 

f a c t o r s  i n  f i g u r e  6 ( a )  w e r e  developed from incompressible data. 
There was  not  enough subsonic wing-alone data a v a i l a b l e  t o  develop 
c o r r e l a t i o n  curves which would be a func t ion  of both wing shape 
and Mach number. The comparisons between experiment and theory 
are presented i n  f i g u r e  18, and, as before, both  the l i n e a r  
r e s u l t s  and t h e  l i f t i n g - s u r f a c e  r e s u l t s  are shown. 

* 
* LE 

I n  f igu re  18(a) ,  the predic ted  l i f t  and pitching-moment 
c o e f f i c i e n t s  a t  M = 0.24 are compared with experimental r e s u l t s .  
The l i n e a r  method i s  i n  good agreement f o r  l i f t  a t  l o w  angles  of 
a t t a c k ,  b u t  underpredicts  t h e  l i f t  above loo. The l i n e a r  p i t c h i n g  
moment i s  i n  good agreement over the same range of angle  of 
a t t ack .  The nonl inear  subsonic method overpredic t s  the lift 
G U L V ~ :  uy a srnaii amount which is  due t o  too large a value f o r  

KVLE. 
leading-edge suc t ion  t o  vortex l i f t .  The p i t ch ing  moment i s  i n  

-_-_---_-I-.  

* 
This wing apparent ly  converts  less than 30 percent  of t h e  
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good agreement with experiment up t o  an angle of a t t a c k  of approxi- 
mately 15O. l%e same conf igura t ion  a t  Mach numbers of 0.6 and 0.8 
are shown i n  f i g u r e s  18(b) and (c) , respect ively.  S imi l a r  r e s u l t s  
are observed except t h a t  t r anson ic  n o n l i n e a r i t i e s  no t  accounted 

f o r  i n  t h e  p re sen t  p red ic t ion  method appear i n  t h e  d a t a  a t  h igh  
angles  of a t t ack .  

Supersonic flow.- The supersonic method w a s  appl ied  t o  a 
complete a i rcraf t  conf igura t ion  cons is t ing  of  a canard-body-wing 
combination from reference  56. 
r a t i o  1.46 d e l t a  wings. 
r a t i o n  a t  M = 2.01 are compared with predicted c h a r a c t e r i s t i c s  
with var ious  stages of i n t e r f e r e n c e  included; t h a t  is, canard o f f ,  

canard on, and canard def lec ted .  As i n  t he  subsonic cases, the 
predic ted  r e s u l t s  from both t h e  l i n e a r  method and the p resen t  
method are shown i n  each comparison. 

Both canard and wing are aspec t  

The experimental r e s u l t s  on t h i s  configu- 

The lift and pitching-moment c h a r a c t e r i s t i c s  of t h e  configu- 
r a t i o n  with the canard removed are shown i n  f i g u r e  1 9 ( a ) .  
l i n e a r  method with no vortex l i f t  included i s  i n  good agreement 
with experimental  r e s u l t s .  However, t h e r e  is  reason t o  b e l i e v e  
t h a t  t h i s  wing is developing very l i t t l e  vortex l i f t .  

c o r r e l a t i o n  curves i n  f i g u r e  9 i n d i c a t e  a suc t ion  factor of 0.5 

f o r  t h i s  wing; b u t  as seen i n  t h e  l i f t  comparison i n  f i g u r e  1 9 ( a ) ,  
t h i s  much vortex l i f t  causes t h e  l i f t  t o  be overpredicted by a 
l a r g e  amount. 

The 

The 

I f  t h e  vortex l i f t  is not  included i n  the p r e d i c t i o n  * 
= 0 ) ,  t h e  p red ic t ion  is  i n  much better agreement w i t h  the 

(KVLE 
l i f t  da ta .  With t h e  wing vor tex  l i f t  removed, t h e  l i f t i n g - s u r f a c e  
method p r e d i c t s  l i f t  c o e f f i c i e n t s  s l i g h t l y  h igher  than  t h e  

l i n e a r  method. A s m a l l  p a r t  of t h e  d i f f e rence  between t h e  t w o  
methods i s  due t o  t h e  vortex-induced normal f o r c e  on t h e  
nose of t h e  conf igura t ion  and t h e  remainder of the d i f f e r e n c e  i s  
i n  t h e  l i f t  on t h e  wing i n  t h e  presence of t h e  body. 
moment r e s u l t s  pred ic ted  by t h e  present  method are i n  s l i g h t l y  
better agreement with experiment than those pred ic ted  by t h e  
l i n e a r  method, b u t  above loo angle  of a t t ack  t h e  agreement is  

The p i tch ing-  

only f a i r .  
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The complete canard-body-wing conf igura t ion  with canard 
undeflected i s  shown i n  f i g u r e  1 9 ( b ) .  The comparison between 
predicted and measured l i f t  c o e f f i c i e n t  exhibits t h e  same 
behavior as t h a t  described above f o r  t h e  canard-off condi t ion.  
The pitching-moment non l inea r i ty  a t  high angles  of a t t a c k  i s  not  
w e l l  predicted . 

Results on t h e  same configurat ion with t h e  canard de f l ec t ed  
l o o  a r e  presented i n  f i g u r e  19(c) .  

t h e  l i n e a r  theory p r e d i c t s  t h e  l i f t  d a t a  very w e l l ,  b u t  it does 
not p red ic t  t h e  pitching-moment d a t a  w e l l .  
has been c a r r i e d  ou t  w i t h  K* = 0. W e  have also used t h e  l i m i -  
t a t i o n  t h a t  t h e  induced v e l o c i t i e s  due t o  t h e  v o r t i c e s  not  
exceed 0.1 V s ince  t h e  canard v o r t i c e s  cross over t h e  rear 
l i f t i n g  sur face  near a! = 7O. The present  p red ic t ion  method 
overpredicts  t h e  l i f t  a t  low angles  of a t t a c k  b u t  p r e d i c t s  t h e  
l o w  angle pitching-moment r e s u l t s  w e l l .  I t  overpredic t s  t h e  
high angle-of-attack pitching-moment c o e f f i c i e n t s .  

I n  i t s  range of v a l i d i t y ,  

The present  theory 

V 

The supersonic high-angle p red ic t ion  method w a s  appl ied t o  
a second configurat ion,  a wing-body-tail conibination from refer- 
ence 57, This model has  a body-of-revolution fuselage w i t h  a 
wing and t a i l  which have very s m a l l  leading-edge sweep angles.  
The configurat ion w a s  t e s t e d  over a wide range of Mach numbers, 
b u t  a l l  t h e  supersonic Mach numbers w e r e  large enough t h a t  t h e  
leading edges of both wing and t a i l  are supersonic and, as such, 
develop no leading-edge suct ion.  

The conf igura t ion  with t h e  ho r i zon ta l  t a i l  removed i s  
examined i n  f i g u r e  20(a) a t  Mach numbers 1.30 and 2.22. A t  t h e  
l o w e r  Mach number, t h e  high-angle method somewhat overpredic t s  
t h e  experimental l i f t  curve while  t h e  l i n e a r  method p red ic t ions  
are i n  good agreement. A t  M = 2.22,  t h e  l i f t  p red ic ted  by both  
methods i s  i n  good agreement w i t h  experiment. The predicted 
pitching-moment c o e f f i c i e n t s  a t  M = 1.30 f o r  both methods 
d i f f e r  f r o m  t h e  data by an amount corresponding t o  a s h i f t  i n  
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t h e  cen te r  of pressure  amounting t o  5 percent of t h e  mean aero- 
dynamic chord, A t  M = 2.22, both methods predict t h e  pi tching-  
moment data f a i r l y  w e l l .  

Par ts  (b) , (c) , and (d)  of f i g u r e  20 compared t h e  measured 
and predic ted  c h a r a c t e r i s t i c s  of t h e  complete conf igura t ion  with 
t h e  t a i l  undeflected,  deflected -loo, and deflected -20°, respec- 
t i v e l y .  I n  a l l  cases, t h e  t w o  predicted l i f t  curves are i n  good 
agreement wi th  t h e  measured l i f t  c h a r a c t e r i s t i c s .  With t a i l  
de f l ec t ion  both methods g ive  t h e  same pi tch ing  moment a t  zero  
l i f t ,  b u t  t h e  experimental values a r e  only two-thirds t o  three-  
four th  of t h e  predicted values,  
values  of moment-curve s lopes  than t h e  present  method. 

The l i n e a r  theory y i e l d s  better 

CONCLUDING REMARKS 

The present  r epor t  attempts t o  extend t h e  l i n e a r  method of 
p red ic t ion  of longi tudina l  c h a r a c t e r i s t i c s  reported i n  re ference  2 
t o  h igher  angles of a t tack .  I n  particular, symmetric vortex 
shedding f r o m  t h e  nose of t h e  fuse lage  and t h e  leading edges and 

s i d e  edges of t h e  l i f t i n g  sur faces  are considered i n  t h e i r  in- 
f luence on the aerodynamic c h a r a c t e r i s t i c s .  Separate  computer 
programs have been w r i t t e n  f o r  subsonic and supersonic speeds, 
Limited comparisons between t h e  predicted and measured charac- 
ter is t ics  f o r  complete wing-body-tail combinations a t  subsonic 
speeds have shown genera l ly  good agreement. S i m i l a r  comparisons 
fo r  supersonic  speeds show genera l ly  f a i r  comparison. Many more 
comparisons need t o  be made between predic t ion  and experiment t o  
check out  t h e  p red ic t ion  method thoroughly and t o  make any 
necessary a l t e r a t i o n s  t o  improve i t s  accuracy. 

The method has  c e r t a i n  l i m i t a t i o n s  i n  i t s  range of appl i -  
c a b i l i t y .  
assumed, t h e  method i s  l i m i t e d  i n  angle-of-attack range, The 

l i m i t i n g  angle  of a t t a c k  depends p r inc ipa l ly  on nose-fineness 
r a t i o  as shown i n  f i g u r e  3. Another angle-of-attack l i m i t a t i o n  

Because symmetrical body-vortex shedding has been 
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i s  imposed by wing s t a l l  s i n c e  the vor tex  l i f t  now no longer  
increases  approximately quadra t i ca l ly  with angle  of a t t a c k ,  For 

rectangular  wings a t  subsonic speeds, t h e  l i m i t i n g  angle depends 
on wing aspect r a t io  as shown i n  f i g u r e  7 ( b ) .  For d e l t a  wings, 

t h e  l imi t ing  angle a l s o  depends on aspec t  r a t i o  o r  leading-edge 
sweep angle as shown i n  f i g u r e  6(b)  f o r  subsonic speeds and 
f i g u r e  9 (b) f o r  supersonic speeds. 

As t h e  angle of a t t a c k  of a s w e p t  wing i s  increased,  t h e  

pos i t i on  of vortex bu r s t ing  of t h e  t r a i l i n g  v o r t i c e s  moves up- 
stream towards t h e  t r a i l i n g  edge and crosses t h e  t r a i l i n g  edge 
a t  s o m e  angle of a t tack .  
lift occurs on t h e  wing due t o  vortex b u r s t i n g  which becomes 
progressively larger as t h e  angle of a t t a c k  increases .  
a v a i l a b l e  from seve ra l  i nves t iga to r s  on t h e  angle  of a t t a c k  a t  
which vortex bu r s t ing  occurs a t  t h e  t r a i l i n g  edge of delta wings 
tested a t  l o w  speeds. These data are shown i n  f i g u r e  21,  What 
is  s i g n i f i c a n t  about t h e s e  r e s u l t s  i s  t h a t  they do not  c o r r e l a t e .  
This suggests that  t h e  f a c t o r s  which con t ro l  vortex b u r s t i n g  w e r e  
not  reproduced between t h e  severa l  sets of tes t  data. I f  t h e  
angle-of-attack l i m i t s  shown by f i g u r e  6(b)  are caused by vortex 
bu r s t ing ,  as i s  suspected, these data w i l l  no t  correlate unless  
those  f ac to r s  in f luenc ing  vortex b u r s t i n g  are properly cont ro l led .  
The l i f t  and moment data f o r  del ta-wing conf igura t ions  w i l l  also 
show v a r i a b i l i t y  from tunnel  t o  tunnel  on t h i s  basis. A p r e c i s e  
determination of t h e  l i m i t a t i o n  of t h e  present  method based on 
vortex burs t ing  cannot, t he re fo re ,  be made u n t i l  better experi-  
mental information is  ava i lab le .  

Above t h i s  angle of a t t a c k ,  a loss of 

D a t a  are 

As a r e s u l t  of the present  work, it has  been found t h a t  o ther  
experimental d a t a  would be usefu l  t o  improve t h e  c o r r e l a t i o n  
curves used i n  t h e  method and t o  provide a basis f o r  f u r t h e r  
v e r i f i c a t i o n  of t h e  method. F i r s t  of a l l ,  t h e  data on de l ta  
wing-alone c h a r a c t e r i s t i c s  are meager for  h igh  angles  of a t t a c k  
i n  t h e  range of 0.5 < M < 0.9 and i n  t h e  supersonic range. The 
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same i s  t r u e  for rec tangular  wings t o  a g r e a t e r  degree. There 
e x i s t  no systematic da t a  t o  i n d i c a t e  experimentally t h e  side-edge 
suc t ion  f a c t o r  f o r  rec tangular  wings a t  supersonic speeds. With 
regard t o  t h e  pos i t i on  of separated vor t ices  from leading edges 
and s i d e  edges, t h e  a v a i l a b l e  d a t a  are sparse a t  compressible 
speeds, both subsonic and supersonic.  The e f f e c t  of wing-body 
in t e r f e rence  on t h e  separation-vortex s t ruc tu re  needs experimental 
study . 

With regard t o  complete wing-body-tail configurat ions,  more 
da t a  are needed. For instance,  m o r e  data  on vortex t r a j e c t o r i e s  
are needed, e i t h e r  based on t h e  vapor screen techniques o r  more 
p r e c i s e  methods such as l a s e r  anemometry. The e f f e c t s  of canard 
de f l ec t ion  on t h e  vortex t r a j e c t o r i e s  needs more a t t e n t i o n ,  a s  
w e l l  as t h e  i n t e r a c t i o n  between t h e  po ten t i a l  t r a i l i n g  vo r t i ce s  
and t h e  leading-edge separa t ion  v o r t i c e s  f o r  canards of l o w  aspect  
r a t i o .  It appears t h a t  some a t t e n t i o n  should a l s o  be given t o  t h e  
i n t e r a c t i o n  of vo r t i ce s  with l i f t i n g  surfaces  which they approach 
c lose ly .  Quest ions of t h e  vortex-core radius  need inves t iga t ion  
a s  w e l l  a s  poss ib l e  vortex burs t ing .  There i s  a l s o  t h e  continuing 
need f o r  systematic data on the build-up of wing-body-tail combi- 
na t ions  a t  high angles of a t t a c k  a t  a l l  speeds. 

Fur ther  a n a l y t i c a l  i nves t iga t ion  would improve t h e  accuracy 
of t h e  p r e d i c t i v e  method. While s i g n i f i c a n t  a r eas  i n  which t o  
expand these  e f f o r t s  should come t o  l i g h t  by add i t iona l  systematic 
comparison between p red ic t ion  and data, severa l  areas a r e  already 
apparent.  One of these  i s  t h e  method fo r  p red ic t ing  t h e  v e r t i c a l  
p o s i t i o n  of t h e  v o r t i c e s  shed by forward l i f t i n g  sur faces  as 
they move a f t  over t h e  r e a r  l i f t i n g  surfaces.  Another area is  
t h e  behavior  of a vortex i n  t h e  c lose  proximity of a l i f t i n g  
surface.  The use of a vortex model which includes a core can  
h e l p  reduce t h e  effect  of t h e  s ingu la r i ty  i n  upwash associated 
with a p o t e n t i a l  vortex model. Also, the method of de t zmin ing  
t h e  e f f e c t  of t h e  vortex on t h e  l i f t i n g  sur face  under such 
condi t ions should include a force  proport ional  t o  vortex la teral  



-56- 

ve loc i ty  t h a t  i s  usua l ly  ignored. 
become l a rge  f o r  close approach because of t h e  image system 
i n s i d e  the  l i f t i n g  surface.  Also, there i s  the p o s s i b i l i t y  of 
inducing vortex breakdown because of  a x i a l  p ressure  g rad ien t s  
associated with t h e  proximity of t h e  l i f t i n g  surface.  

The l a t e r a l  vortex v e l o c i t y c a n  

Another subject which can s tand more p r e c i s e  t reatment  is  
t h a t  of determining t h e  center-of-pressure loca t ion  of f o r c e s  
associated with vortex l i f t .  Further  work on c a l c u l a t i o n  of 
vor tex  t r a j e c t o r i e s  as influenced by a l i f t i n g  su r face  not  
c e n t r a l l y  mounted would be usefu l  as w e l l  as f u r t h e r  cons idera t ion  
of t h e  e f f e c t s  of canard de f l ec t ion .  

I n  the present  model, an attempt has been made t o  u t i l i z e  
methods which w i l l  al low extension of t h e  complete method t o  
o t h e r  regimes without modification of i t s  basic framework. For 
instance,  it should be poss ib le  t o  extend the method t o  t h e  case 
of asymmetric nose vo r t i ce s .  Corre la t ion  c h a r t s  o r  o the r  means 
fo r  determining t h e  s t r eng th  and h o s i t i o n  of t h e  asymmetric 
vo r t i ce s  a t  the beginning of t h e  forward l i f t i n g  su r face  would 
be required. The vo r t ex - l a t t i ce  method f o r  subsonic speeds o r  
t h e  l i f t i ng - su r face  method f o r  supersonic speeds can then be 
extended t o  account f o r  a lack of l e f t - r i g h t  symmetry on the 

wing or t a i l .  The same i s  t r u e  of the vortex t r a j e c t o r y  predic- 
t i o n  method. It  is  also possible t o  extend t h e  present  methods 
t o  condi t ions of s i d e s l i p  by v i r t u e  of t h e  same considerat ions.  
Another a rea  i n  which t h e  method can be extended i s  t o  include 
the effects of wing s ta l l .  This can be accomplished i n  p a r t  by 
us ing  experimental wing-alone c h a r a c t e r i s t i c s  i n  t h e  method. 
However, some unanswered quest ions e x i s t  wi th  regard t o  formulating 
a cor rec t  vortex model f o r  t h e  wing flow s ince  vortex b u r s t i n g  can 
be a compl i ca t ing  f a c t o r .  
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APPENDIX A 

EQUATIONS OF MOTION OF SEVERAL PAIRS OF VORTICES 

I N  THE PRESENCE OF A WING-BODY COMBINATION 

The following sketch shows a p a i r  of body v o r t i c e s  and a 
p a i r  of wing t r a i l i n g  v o r t i c e s  i n  t h e  presence of t h e  empennage 
sec t ion  of a wing-body-tail combination with c e n t r a l l y  mounted 
t a i l  panel a t  zero def lec t ion .  

3 %'at 
0 -- Y 
c 

-S +S 

V s i n  a t 
a = y + i z  v = ~ + i h  

The vortex s t r eng ths ,  rB and rt, are constant  and t h e i r  pos i t i on ,  
OB and a t ,  are t o  be determined as a function of d i s t ance  down- 
stream f r o m  s o m e  i n i t i a l  loca t ion .  

W e  t ransform t h e  wing-body combination i n t o  a c i r c l e  of 
r ad ius  ro by means of t h e  transformation 

2 r 
a + - a2 = -(. 1 + $)(L + ")= v + - 0 

V a 2  ro v 

where 

rO = + (s + $) (A-2 1 
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The transformations are given explicitly by 

o = -  2 (. + $)+ 
and 

(A-3) 

The complex potential for the flow in the v plane is 

ir, - -  In 2a 

( v  - v,)  c v + - ::> 
( v  + YB)(y - ?) 2 

drO + roV In v dx (A-5) 

In the a plane the complex potential W B (a) governing the 
motion of the right body vortex is 

2 
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+ ..* 

uB 

wherein w e  have simply subtracted t h e  p o t e n t i a l  i n  t h e  o plane 
due t o  the r i g h t  body 3ortex from the  t o t a l  p o t e n t i a l  given by 
equation (A-5). This removes t h e  s ingu la r i ty  w h i c h  would other- 
w i s e  r e s u l t  i n  t h e  ve loc i ty  of t h a t  vortex.  

, 
W e  now have t h e  ve loc i ty  of the r i g h t  body vortex a s  

dwB ( 
v - i w  = B B (A-7 1 

L e t  us examine t h e  las t  term of equation (A-6) f i r s t .  

v - VB - (A-8) 
- 1 i m  1 - 

do O-B 

I n  t h e  neighborhood of aB 

Thus, t h e  argument of equation (A-8) becomes 

( v  - VB) v - VB do2 d2vl a B 

1 
2 + - ( a  - OB) - 1 

(A-10) 

- ( a  - OB’ - 
OB 
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and 

(A-11) 

Since the  transformation i s  a n a l y t i c  a t  
exceptional po in ts ,  w e  f i nd  a f i n i t e  con t r ibu t ion  from t h e  l a s t  
t e r m  of equation (A-6) t o  t h e  body-vortex ve loc i ty .  

aB except f o r  a f e w  

It is  now possible t o  express t h e  body-vortex v e l o c i t y  i n  
t h e  following complex form. 

V B - i w  B 
d 

d v  
= -  s i n  a v - 

2 irt 
V 27r I n  

4 

- - - - - + - - -  irB 1 do d 2 v  ro dro d v  
dx do  'n 2rr 2 dv do2 

(A-12)  

Equation (A-12) i s  evaluated a t  o = oB, and t h e  las t  t e r m  is  
t h e  e f f e c t  of a changing body radius .  Assume t h e  following 
form fo r  equation (A-12) .  

(A-13) 

This equation can be r ewr i t t en  i n  t h e  general  form 
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v - iw 
V 

n 
Gc + 1 1 Gmn + GZn + G  Tn n m  1 v 

n#m 

(A-14) 

where the subscript n denotes the vortex under consideration 
and the subscript m denotes the vortex causing the motion. 
Each term in equation (A-14) can now be evaluated. Generally, 
the complex quantities will be expressed in terms of v plane 
quantities. From equation (A-4) 

(A-15) 

The first term of equation (A-14) is the body-interference effect 
and it is made up of a part representing the body ir. a crossflow 
and a part representing the change in body radius with axial 
posit ion. 

- 
GC - n 

-i 
p)'+ 1 r 

0 sin a - d'l & -  
- drO 

a tl 
*n 

(A-16) 

The second term in equation (A-14) is the influence of all 
other vortices and their images on the vortex in question. 
for n # m, 

Thus, 

irm 
I-- 

=mn 2TV 

- c 

1 - 1 - 1 - 
r2 
0 - -  'n + 'm r2 

'n vm 
0 + -  

'n - "m 
'n - 

m, V - 
(Continued 

-%[ *n 

on next page) 
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L 

1 

- 
ro rolz'on v ,  

- 
% - - -  

+ 1 
r 'n 0 

rO 'm 
- + -  

1 - 
'n 'm 
rO 0 
- + -  r 

(A-17) 

The influence of t h e  opposite vortex and t h e  images of t h e  vortex 
being considered is  represented by t h e  t h i r d  t e r m .  

L J 

"he las t  term i n  equation (A-14) i s  a r e s u l t  of t h e  t rans-  
formation and can be expressed as follows. 

(A-19) 

where 

With the  he lp  of equation (A-15) 

do d 2 v  d 
dv do2 
- - = -  

+ R  
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w h e r e  

Now w e  can w r i t e  

so that  

2 r 2(V + 0 - R) 
2 -4v roR 

+ - - =  da d2v 

dv da2 r 2 

r2 
0 2 v r E R  

( v 2  - ro) .I - 2 
r 

- 
2 

(V + V + R) 

Thus 

1 1 
GT = n 

0 0 n 

(A- 2 1 ), 

(A-22) 

(A-23) 

(A-24) 

( C o n t i n u e d  on next p a g e )  
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r 

- 1 -  
I r 

2 

2 

2 (>- 1 s  
0 

a 

(A-2 5) 

This completes the information required to compute the 

complex velocity of one of the free vortices. 

In the case of a wing or tail not centrally mounted on the 
fuselage, the value of dv/da must be changed. This modification 
has not been included in the present analysis. 
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APPENDIX B 

CROSSFLOW VELOCITIES INDUCED BY A FREE VORTEX 

AND A CIRCULAR CYLINDER AT ANGLE OF ATTACK 

C o n s i d e r  a circular cyl inder  a t  angle  of attack a w i t h  a 
pair of vortices w i t h  mirror  symmetry. 

a = y + i z  

The r ight  vortex of strength r B  is located a t  

B + iz - 
OB - 'B 

The complex potential  for the f l o w  is  known t o  be 

-q-la B 
+ 1 

c r + -  
2 r 
OB 

1 - 
a + OB 

( 5 - -  - 
*B 

(B-3) 
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At any point y + iz the velocity can be put into nondimensional 
form, only the vertical velocity w being of interest. 

V = sin a Real(1 + 5)  
03-41 

r 
0 - r  

- r - r - Real [ + 2 

r B  + -  
r 0 + OB 

OB 
o + -  B 2 r V r  0 - 0  

OB 

Real (1 + 5)  = 1 + (5-5) 
f Z  + LJ2 

'..) 
o + -  

OB 

\r2 ' r2 

(B-5)  
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The v e r t i c a l  ve loc i ty  i n  t h e  crossflow plane is  thus 
P 

- W - -  
V s i n  a[+ I (5-5) 

r 

"B ) 6 - y; + ZB 2 
1 

(B-10) 
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Figure 1.- Configuration coordinate systems. 
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